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ABSTRACT OF P A P E R 

The electrodynamic method for obtaining the solution of 
electrostatic and allied problems is developed to a high degree of 
accuracy. The method is then applied to the study of high-
voltage bushings. An experimental high-air-efficiency bushing 
was then built and tested with the result that the arc-over was 
very materially lower than had been anticipated. 

A study was then made to ascertain the reason for this large 
discrepancy, which was found to be due to an unexpectedly 
large surface effect which varied greatly with different materials. 

After obtaining the numerical value for the surface effect a 
reasonably accurate predetermination of the arc-over of struc
tures, in which the stress distribution is known, can be made. 

In order to determine the desirability of using artificial equipo-
tential surfaces to increase the efficiency of the use of the support
ing dielectric, diagrams were taken and a small bushing of this 
type constructed and tested. 

A study was then made to find out whether the reduction in 
diameter of condenser bushings is principally due to equalization 
of potential or due the greater strength of insulation when 
barriers are used. As a result of this work, it is believed that the 
barrier effect greatly predominates. 

A short discussion follows which shows the difficulties of o b 
taining a sufficiently exact theory of bushing design to enable us 
to predetermine the most efficient shape for a practical bushing. 

A series of small bushings were then made and tested with a 
view to determining the general shape and characteristics which 
go to make up a practical all around bushing. 

The appendix gives an unexpurgated solution of the following 
two flow problems. 

I. The distribution of the electrostatic field when any two 
confocal hyperboloids of revolution of one sheet and of the same 
family are maintained at given potentials. 

I I . The distribution of the electrostatic field when any two 
confocal hyperboloids of revolution of two sheets and of the same 
family are maintained at given potentials. 

INTRODUCTION 

IN general, a bushing has to serve two purposes; first, it must 
support the leading-in wire or conductor and must act as a 

mechanical unit capable of being removed or replaced in case of 
damage; secondly, it must insulate the high-potential conductor 

Manuscript of this paper was received March 9, 1917. 
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from the tank which is usually at zero or ground potential. The 
leading-in wire, or what may be called the high-voltage electrode 
may have various shapes. The tank with hole in it may be 
called the grounded electrode and it may be shaped in various 
ways. A solid supporting dielectric is necessary to make the 
structure a mechanical unit, that is, to mechanically connect 
the high-voltage central electrode with the tank or grounded 
electrode. Between the grounded electrode and the high-voltage 
electrode, isolated metallic surfaces may be introduced-which 
will form artificial equipotenlial surfaces. The condenser bushing 
is a familiar example. 

The electrical part of the design consists in studying the 
electrostatic field distribution between the electrodes in order 
to use the various available insulating materials to their best 
advantage. It is obvious that there are large numbers of possible 
electrode shapes and arrangements, the electrostatic field dis
tribution of which should be studied in order to determine the 
one which is best adapted for commercial use. The following 
investigation was undertaken with a view of determining the 
theoretical possibilities of some of the various possible arrange
ments. The work was started in July 1914, and extended with 
short interruptions to July 1916. Naturally an investigation of 
this nature is never complete but I hope that the work to be 
described will be of interest to engineers and also stimulate 
others to take up the work so that eventually we will have a 
better and more complete understanding of this and similar 
problems. 

Preliminary Work 
The preliminary work consisted in investigating the possi

bilities of obtaining a reasonably approximate solution 
of the bushing problem. The first question which presented 
itself was the following: Can two-dimensional fields be rotated 
and used as satisfactory approximations for three-dimensional 
problems? In order to test out this matter the literature was 
searched for a solution of the rod and torus problem, so as to be 
able to compare it with the solution obtained by rotating the 
field of two parallel wires. If the approximate solution, as 
obtained by the rotation of the plane figure, did not prove useful 
as a result of comparison with the exact solution, it was thought 
that possibly some simple law of distortion or stretching might 
be arbitrarily imposed upon the rotating-plane diagram which 
would change the lines of force and equipotential surfaces so as 
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to closely conform with the accurate three-dimensional solution. 
If such a procedure was found possible, it was hoped that the 
same method could be used in transforming the many available 
two-dimensional problems into approximate solutions of the 
related three-dimensional figures of revolution. 

The problem of insulating two parallel wires was studied in 
order to compare some of the various criterions which might be 
advanced for the correct and strongest surface along which to place 
the insulating material. For this preliminary work the question 
of different inductive capacities was neglected. The following 
surfaces were studied by graphical construction on a large sized 
diagram of the field between parallel wires drawn for equal tubes 
of electrostatic flux and equal differences of potential. 

I. —Constant surface flux density. 
Equal areas between lines of flux on equipotential 

surfaces. 
II. —Surface of constant potential gradient. 

Equal distances along lines of force between equipo
tential surfaces. 

III.—Surface of constant volume energy density. 
Surface defined by unit cells of equal volume. 

IV.—Surface such that the component of the potential 
gradient along the surface has a definite limited 
value, for example say, 50 per cent of the gradient. 
The object in studying such a surface is apparent 
if we assume that the surface of the insulation in
troduces a weakening effect. For in that case the 
component of the gradient tangent to the surface 
must not exceed the breakdown strength of the 
surface, whereas the actual gradient may be equal 
to the dielectric strength of the surrounding dielec
tric. 

V. —Surfaces of constant creep age. 
Equal distances between equipotential surfaces. 

The surfaces defined in I, II and III were seen to be identical 
as would be expected. 

The corresponding surfaces were drawn for the solid figure 
resulting irom the rotation of a right section of the plane figure. 
Of course, such a procedure does not give the solution of the 
torus problem, but as explained above it was done in order that 
the result might be compared with the true solution of that 
problem. 

A search of the literature failed to yield a useful solution of 
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the torus problem. C. L. Fortescue and S. W. Farnsworth1 

state that the smooth lines (in Fig. 4 of the paper) show theoreti
cal equipotential surfaces of indicated potential for the given 
terminals. Inspection of the figure shows that the smooth 
surfaces are those cut out by revolving a family of circles about 
the axis of the rod which would yield a set of anchor rings, the 
orthogonal surfaces would then be a set of spheres. That this 
cannot be a solution of the torus problem is stated by W. E. 
Byerly.2 "Indeed no possible distribution can make our anchor 
rings or our spheres a set of equipotential surfaces." It is 
therefore, evident that their solution and the calculations given 
in their curves Figs. 13, 14, 18 and 19 must have been the result 
of some sort of an approximation. It seems to me that a dis
cussion would have added to the interest and clearness of their 
paper. 

A study of the solution of the torus problem, as outlined by 
Byerly and also given by Hicks,3 convinced me that the difficul
ties of calculating sufficient points for the construction of a 
diagram of the field would be very great, and even if the solution 
were available, it would not be of great assistance in solving the 
bushing problem because the rod and torus does not constitute a 
self-supporting structure resembling a bushing. It was realized, 
at this time, that if the solution of an infinite rod passing per
pendicularly through a hole in a plane were available, it would be 
of considerable value as this would constitute the simplest form 
of bushing. 

As a result of this preliminary work, the difficulty of obtaining 
even approximate mathematical solutions of such electrostatic 
problems was brought out. 4 

Various experimental methods were, therefore, looked into 
with the hope of obtaining a method which would enable us to 
obtain experimentally the solution of any desired electrostatic 
problem. 

1. "Ai r as an Insulator when in the Presence of Insulating Bodies of 
Higher Specific Inductive Capaci ty ." A. I. E. E. T R A N S . , 1 9 1 3 , Vol . 
X X X I I , Part I, p . 8 9 3 . 

2 . Fourier's Series and Spherical Harmonics page 2 6 5 . 
3 . Toroidal Functions, Philosophical Transactions of the Roya l Society, 

Part I I I , pages 6 0 8 - 5 6 2 , 1 8 8 1 . 
4 . In this connection it is interesting to read what Maxwell has to say 

about such problems; Electricity and Magnetism. Vol . I, page 1 7 7 - 1 7 8 . 
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The desired diagrams can be obtained in a variety of ways 5 

some of which are enumerated below: 
I. Directly calculated by the process of cut and try. This 

method is outlined by Karapetoff6 from which I quote in 
part; "In order to calculate the permittance (capacity) of 
a given dielectric, or to find the flux densities and stres
ses in different parts of it, proceed as follows: The field is 
mapped out into small cells by lines of force and equipotential 
surfaces, drawing them to the best of ones judgment, the total 
permittance is calculated by properly combining the permittances 
of the cells in series and in parallel. Then the assumed directions 
are somewhat modified, the permittance is calculated again, and 
so on, until by successive trials the positions of the lines of force 
are found with which the permittance becomes a maximum." 
The method of successive approximations was systematized 
and used by Lord Rayleigh.7 

While theoretically possible in all cases this method is very 
laborious even for problems in two dimensions and for three-
dimensional problems it becomes still more exasperating, as will 
be readily discovered by anyone who tries it. A considerable 
assistance in the application of this method is rendered by ex
perimentally obtaining the approximate direction of the lines of 
force by the well known method of using mica filings, or better 
fine needle shaped pieces of glass which can be obtained by 
grinding up glass wool or fabric. 

II. Obtain experimentally the isothermal surfaces in the 
related heat-flow problem. Experimental difficulties such as 
radiation and conduction, obviously make this method imprac
tical. 

III. Obtain the equipotential surfaces in the equivalent 
electrical conduction problem8 or what I have termed the elec-
trodynamic method. 

5. For references to the numerous articles on this subject I will refer 
the reader to those contained in the excellent article on this same subject 
b y John F. H. Douglas, A . I . E . E., T R A N S . 1915, Vol . X X X I V , Part 
I, page 1067, " T h e Reluctance of Some Irregular Magnet ic Fields." 

6. Electric Circuit, pages 160-163. 
7. See Phil. Trans. Roya l Society, 1871, p . 77, "On the Theory of Reso

nance," also "Theory of Sound," Vol . II , p . 17L 
8. I understand from Mr. Douglas ' paper " T h e Reluctance of Some 

irregular Magnetic Fields", A. I. E. E., T R A N S . , 1915, Vol . X X X I V , 
Part I, p . 1081, that Kirchoff first proposed such a method in 1845, and 
was subsequently modified and employed b y many investigators. Re -
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The possibilities of this method appeared very attractive and 
it was, therefore, selected as the one best suited for the present 
purposes. 

THE ELECTRODYNAMIC METHOD 

The method consists in obtaining the equipotential surfaces 
for any desired shape of electrodes from the exactly analogous 
conduction problem in an electrolyte. Thus the chosen elec
trode shapes are placed in an electrolyte and alternating current 
passed between them. The equipotential surfaces are then 
obtained by an exploring point connected through a quadrant 
electrometer to a definite known potential with regards to that 
between the electrodes. The locus of the points of zero potential 
difference as thus read by the electrometer constitutes the 
desired equipotential surface. 

F I G . 2 

The electrodes under investigation were placed in a large box 
made of parafflne treated wood and filled with an electrolyte— 
ordinary city water being found most convenient. The box was 
bolted together on the outside as will be seen in Fig. 1, thus 
eliminating all metal from contact with the electrolyte in the 
box. A small transformer (200 watt) was employed to step 
down the 110-volt, 60-cycle lighting circuit to 55 volts which 
was used as supply for the tests. A non-inductive resistance 
of 6490 ohms, divided into 50 equal parts, was shunted across 
the mains between the electrodes. The exploring pointer which 
was carried by the pantograph consisted of a slender glass tube 

cently C. L. Fortescue and S. W . Farnsworth, A. I. E. E., T R A N S . , 1913, 
Vol . X X X I I , Part I, p . 893, "Air as an Insulator when in the Presence of 
Insulating Bodies of Higher Specific Inductive Capaci ty" , as well as 
Mr . J. F. H . Douglas have employed this method. 
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with a small platinum wire sealed through at the end. The glass 
tube was slipped over a metal tube carried by the pantograph and 
the insulated wire brought out from the platinum point through 
the metal tube. The metal tube was used fpr mechanical stiffening 
and the glass tube with platinum point so as to avoid electrical 
leakage. Any defect in the insulation such as a crack in the 
glass tube being easily detected. 

The pointer was connected to one pair of quadrants of the 
electrometer, the other pair being connected to a point of known 
potential on the resistance R, Fig. 2. The needle of the elec
trometer had a metallic suspension and was kept at a definite 
potential above that of the quadrants by the transformer as 
shown in the illustration. This method of excitation gives a 
constant sensitivity regardless of the point at which connection 
is made to the resistance R. It also makes it possible to change 
the sensitivity of the instrument by varying the potential ap
plied to the needle. For example, in exploring the field between 
a given pair of electrodes we can apply a certain low potential 
to the needle when exploring the dense part of the field, and 
when exploring the weak part of the field we can raise the po
tential applied to the needle by selecting a tap on the exciting 
transformer. Thus, we can maintain equal accuracy in all 
portions of the field. 

Some of the advantages of using the arrangement described 
above are as follows: The use of alternating current eliminates 
polarization, to a large extent, and automatically gives * 'reversed'' 
readings. The use of a quadrant electrometer has the advantage 
that it takes practically no energy to operate, and it is a good 
zero instrument since when a point has been nearly located the 
difference in potential between the quadrants is small in compari
son with that of the needle and under these conditions the de
flection is very nearly proportional to the potential difference 
being measured.9 

The fact that these experiments were carried out on a large 
scale combined with the small energy necessary to operate the 
electrometer made it possible to use ordinary city water as the 
electrolyte which is obviously a great convenience. 

9. For the theory of the quadrant electrometer reference may be made 
to Maxwell , "Electricity and Magnet ism," Vol . I, page 338; Jeans, 
"Electricity and Magnet ism," Vol . I, page 108; J. J. Thomson, "Elec
tricity and Magnetism, Vol . I, p . 97-103, 
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Method of Procedure 
In applying the electro-dynamic method to problems having 

symmetry about an axis of revolution, a quadrant or octant of 
the actual figure was studied because in this manner the size 
of the electrodes used could be made larger and, therefore, the 
accuracy correspondingly improved. Skeleton electrodes were 
used because of the obvious ease with which they can be cut out 
of tin or other metal, and for the further reason that if it ever 
becomes possible to obtain a mathematical solution of such 
problems the boundary conditions would be of as simple geom
etry as possible. Of course in applying the resulting diagrams 
to the design of any piece of apparatus the electrode shape which 
would actually be built and used would conform to one of the 
experimentally obtained equipotential surfaces at some distance 

F I G . 3 

from the actual skeleton electrodes. Under some circumstances 
it would be desirable to employ actual models of the desired 
electrodes. 

The method of images is obviously applicable and is of con
siderable value in improving the accuracy and simplifying many 
problems. For example, if we wish to study the disturbing 
influence of one bushing in proximity to another, when they are at 
opposite potentials, we can set up the experiment as shown in 
Fig. 3. In this manner we can determine the maximum stress 
between the two bushings and the minimum stress on the out
side of the bushing. Of course a diagram taken in this manner 
is no longer a plane section through a figure of rotation. 

Theoretically there is no difficulty in obtaining the solution of 
electrostatic problems involving materials of different inductive 
capacities by this method, as we may employ electrolytes or 
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materials having the proper relative conductances. Practically, 
however, there are obvious difficulties in obtaining materials 
having suitable characteristics especially for the case of three-
dimensional, problems. 

In Fig. 4A is illustrated the use of a high-resistance substance 
such as carbon or a silicon clay composition, etc., as high induc
tive capacity material immersed in a suitable electrolyte to 
represent the/surrounding air or low inductive capacity material. 

Another method is to use an insulating diaphram to separate 
two electrolytes of different conductivities one inside and the 

(a) (b) 

other outside of the shell. In Fig. 4B a series of wire rings are 
used which are connected together metallically. In Fig. 4c, the 
same method is shown except that metal pins are substituted to 
connect the outside with the inside point for point. Still another 
and possibly the simplest method of carrying out the same 
principle is shown in Fig. 4D and was suggseted to me by Mr. 
G. B. Shanklin. It consists in building up the separating shell 
of alternate metallic and insulating washers. It will be observed 
that the methods employing the wire rings or washers are only 
applicable to problems having circular symmetry. 
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It is difficult in all of these methods to obtain the equipoten
tial surfaces inside of the containing shell, although this can be 
accomplished in some instances. For example, in the case of a 
bushing, by placing the quarter section inverted at the top of the 
large wooden box somewhat as shown in Fig. 5, the exploring 
plane would then be at the surface of the electrolyte. 

It will be seen that in this simple apparatus we have a most 
remarkable calculating machine which is able to obtain the 
solution of Laplace's equation and automatically calculate and 
plot the results for boundary conditions which as yet have not 
been obtained by analytical methods. The accuracy merely 
depends upon the scale and care with which the experiments are 
carried out. For example, in the experiments here described 
the potential of any point on the 
full sized diagram, 3 ft. by 4 ft. 
(90 cm. by 120 cm.) could be 
determined inside of a pin head. 
Of course, the diagrams are not 
accurate to this extent due to 
the fact that the electrodes used 
were large compared with the 
size of the containing box, and, 
therefore, the edges of the 
diagrams show large distortions, 
as will be readily seen by com- YIG 5 
paring the experimental diagram 
Fig. 9 with the mathematical solution for the similar case 
Fig. 10. The first two diagrams are also subject to slight 
pantograph errors arising from a lack of rigidity and accuracy 
of the original pantograph. The later diagrams are more ac
curate as a new pantograph was constructed of large thin walled 
steel tubing and provided with ball bearings throughout. 

Before taking a diagram the inside of the paraffine treated 
wooden box was painted over with a mixture of beeswax and 
rosin to eliminate or reduce to a minimum any conductivity of 
the wood. 

Completing the Diagrams. 
After obtaining an experimental diagram giving the equipoten

tial surfaces for equal or unit differences of potential, in the 
manner described above, the diagram may be completed by 
drawing in the family of orthogonal surfaces which divide the 
field into unit tubes of electrostatic flux. Besides being a great 
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help to the eye in using the diagrams this process furnishes a 
graphical check on the accuracy of the experimental work. If 
it is found possible to draw in an orthogonal family of surfaces 
so that the elementary condensers, cut out between the equipoten
tial surfaces and tubes of electrostatic flux, have the same capacity 
throughout the field, we know that our diagram is the one and 
only solution of that particular electrostatic problem. For it is 
known that there is one and only one solution of any problem 
in electrostatics. In the second place, the following two condi
tions must be fulfilled when the field is mapped out in unit 
tubes of electrostatic flux, and in equipotential surfaces for every 
unit difference of potential. 

I.—The tubes of flux must intersect the lines of force every
where in the field at right angles, for if this were not true there 
would be a component of the potential gradient (or electric 
intensity) along an equipotential surface which is impossible in 
a static field. 

II.—The unit cells, or elementary condensers, which are cut 
out by the intersection of unit tubes of flux (or force) and unit 
equipotential surfaces must have the same capacity everywhere 
in the field. The correctness of this condition can be seen by the 
following reasoning. 

All the elementary condensers between two adjacent flux lines, 
that is, cut out by a unit tube of flux, are in series and if they 
were not of equal capacity they would not divide the potential 
difference equally between them. This is contrary to the assump
tion that the field is to be divided up into equipotential surfaces 
for every unit difference of potential. 

Again we see that the elementary condensers between any two 
adjacent equipotential surfaces are in parallel and have unit 
impressed electromotive force across them. Therefore, if they 
were not of equal capacity they would not divide the flux equally 
between them (^ = C e), which would be contrary to the condi
tion that the field is to be divided into equal tubes of flux. 

The process of drawing in the lines of force was briefly as 
follows: An appropriate height for the unit cell was selected 
near the axis of symmetry of the diagram, a perpendicular 1 0 was 

10. A convenient method of erecting the perpendiculars is to employ 
a small plane mirror held, for example by a block of wood at right angles 
to the drawing board. When the part of the equipotential line which 
is seen in the mirror forms a continuous smooth curve with the part of 
the equipotential line which is viewed directly, perpendicularity exists 
and a line can be drawn using the mirror as a straight edge. 
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erected from this point on the equipotential surface half way to 
the next one. The perpendicular was then drawn to the next 
equipotential surface which cut the first perpendicular half way 
between the two equipotential surfaces. The latter perpendicular 
was extended half way to the next equipotential surface and the 
process continued,—in this follow your nose fashion,—until an 
entire flux line was completed. A smooth curve" was then drawn 
through the intersection of the perpendiculars. After completing 
a pair of lines in this manner the mean heights of the elementary 
condensers or unit cells were calculated assuming a constant 
value of capacity. These mean heights were then plotted on the 
diagram and it was inspected to see whether the flux line, ob
tained by perpendiculars, was a good mean curve through all 
these points. At the beginning of a diagram these points were 
generally high and low in an erratic manner as would be expected. 
Another flux line was then obtained by the method of perpen
diculars, the smooth curve drawn through the intersection and 
the mean heights calculated as before and compared with the 
drawn in curve. In this manner the flux lines were built up 
one upon another. After completing six or seven flux lines 
it was generally found that the calculated heights of the cells 
were showing a slight consistent deviation * from the curve 
as obtained by perpendiculars in some part of the field. The 
constant error was then distributed throughout all of the flux 
lines so as to make the two criterions, namely, perpendicularity 
and equal capacities, come into as harmonious agreement as 
possible. The work of drawing in more flux lines was then con
tinued and the various processes repeated until the entire diagram 
was completed. 

The fact that it was possible to satisfactorily complete the 
above process is considered a good check on the accuracy of the 
experimental work. 

Determination of Capacities from the Diagrams 
After completing the diagrams by dividing up the field into 

elementary cells, we can calculate the capacity of any desired 
part of the field by properly combining the elementary cylin
drical condensers in series and in parallel. For example, in the 
diagram, Fig. 12, we may desire to calculate the capacity as
suming a single dielectric between equipotential surfaces 0 to 36 
and bounded by flux lines 0 to 54. Here we have 54 of our 
elementary condensers in parallel and 36 in series. Now since 
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the small cylindrical condensers are all of the same capacity 
Cu we can write as the total capacity of the part of the circuit 
under eon si deration 

C 

where m — number of elementary cells in parallel. 
n — number of elementary cells in series. 

Cu = the capacity of the unit cell or the capacity of 
the elementary cylindrical condenser assumed 
for the particular diagram. 

Cu will obviously depend upon the assumed inductive capacity 
and size of the diagram. 

In selecting the mean height of the first cell which determines 
the capacity of the unit cells no particular value was chosen, 
the spacing for the flux lines being selected only for convenience 
in construction. They are not therefore, strictly speaking, unit 
cells. 

It is obviously necessary to assume some limit to the extent 
of the field in making any calculation on a field of this type for, 
if we assumed the central rod with cap infinite in extent as well 
as an infinite plane with hole and collar, the capacity of the 
entire circuit would be infinite. 

A check on the accuracy of the capacity as calculated from 
any of the diagrams could be obtained from a measurement of 
the resistance of the circuit as set up in the large box combined 
with a determination of the specific resistance of the electrolyte 
used. I am sorry that I neglected to accurately record this 
data when taking the various diagrams. 

In the case of the diagram of Fig. 28, the following resistance 
measurements were retained. 
Artificial Equipotential Surfaces 

Voltage applied, 60-cycle 54.2 volts. 
Current 1.39 amperes. 
Resistance 39.0 .ohms. 

Artificial Equipotential Surfaces Removed 
Voltage applied, 60-cycle 54.2 volts 
Current 1.30 amperes. 
Resistance 41.7 ohms. 

_ m 
— C M 

n 

c-^c 

or, 
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The resistivity of the electrolyte used (Schenectady city water) 
was determined from a sample taken from the box during the 
experiment and was found to be approximately 3000 ohm-cm. at 
25 deg. cent. 

A comparison of the measured resistance of the circuit with 
and without artificial equipotential surfaces shows that by their 
introduction we have lowered the resistance of the circuit or, if 
considering the capacity, we have increased the capacity by 
the addition of artificial equipotential surfaces. 

It will be readily seen that in those cases where we are merely 
interested in determining the resistance to flow for any of the 
problems which obey the Fourier-Ohm law, such as the flow of 
an ideal incompressible fluid, heat, or the so-called electrostatic 
and magnetic fluxes and current, we merely have to set up the 
desired electrodes in an electrolyte of known specific resistance 
and make a determination of resistance. The model used in the 
tests need not be the same size as the actual piece of apparatus 
which it is desired to study but may be either a magnified or 
reduced image. If the linear dimensions are all n times as 
large as the original then the conductance will be n times larger 
than it would be for the original model and inversely. A simple 
and also general method of obtaining the relation between the 
resistance in ohms as determined from the conduction experi
ments and the electrostatic capacity of-the equivalent electro
static problem is to compare the two cases for parallel plane 
electrodes at close spacing when neglecting all edge effect. 

The well known expression for the capacity of a parallel plate 
condenser expressed in practical units is 

A 1 C = —j k n . . i n n farads Aird 9 X 10 1 1 

and the resistance between the same electrodes is 

R = -~ p ohms A r 

where A = area of the dielectric or electrolyte, or what is the 
same thing, the area of one plane. 

d = spacing between the planes. 
k = specific inductance capacity (permittivity) of the 

dielectric. 
p = specific resistance (resistivity) of the electrolyte in 

ohms cm. 3 
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A 

If we now substitute the value of —j- in terms of R and p in 

the above equation for the capacity we obtain 

C = T¥R 9 x l o * f a r a d s 

as the expression giving the capacity of our electrodes in terms 
of the resistance measurements11 R and p. 

As an illustration, we may calculate the capacity of a bushing 
built from the diagram of Fig. 28 full size, assuming permittivity 
unity. The resistance measurement of a quadrant of the bush
ing gave approximately 40 ohms, and therefore, the resistance 
for the complete structure would be 10 ohms. Assuming 
p = 3,000 ohm-cm., we have 

C = . ^ n „ i r._ microfarads 
AirR 9 X 105 

3 0 0 0 1 = 0.000027 microfarad 
4 T T X 10 9 X 105 

S T U D Y O F E L E C T R O D E S H A P E S 

The following are some of the questions which presented 
themselves at the outset, and which it was hoped could be 
answered by taking various diagrams of the electrostatic field 
by the electrodynamic method: 

I. What is the best form of equipotential surface for the rod 
or high-potential electrode? 

II. What is the best form of surface to select for the cover 
of the tank with a hole in it? 

III. Is there a proper best ratio of rod to hole diameter under 
various conditions? 

IV. Are hats desirable? Of how great an assistance are 
they in screening the bushing from surrounding influence? Are 
they useful in acting as a rain shed and thereby reducing the 
field distortion under rain conditions, etc.? 

V. Can artificial equipotential surfaces be of material assist-
11. See A. E. Kennelly, Electrical World, December 29, 1906, Vol . 

X L V I I I , page 1239, who has used this method for determining the ca
pacity of wireless antenna. 



792 RICE: ELECTROSTATIC PROBLEMS [Nov. 9 

ance in bringing about a better distribution of stress in the 
solid or supporting dielectric; and, at the same time, what are 
their effects upon the distribution of stress in the air and under 
oil part of the dielectric? Are their effects conflicting? 

A P P L I C A T I O N O F T H E E L E C T R O S T A T I C - F I E L D D I A G R A M S T O 

B U S H I N G D E S I G N 

The problem of high-voltage bushing design is in reality a 
problem involving two or more dielectrics of different inductive 
capacities. Therefore, in general the diagrams obtained by 
using a single electrolyte only offer approximate solutions of our 
problem. 

There are two conditions, however, in which the introduction 
of high inductive capacity material does not result in a distor
tion of the field by flux refraction. 

Case I. High inductive capacity material in parallel with the 
air dielectric, that is, when the supporting dielectric conforms 
to a line of flow. In this case the form and distribution of the 
flux and equipotential surfaces are neither altered in form nor 
distribution—nothing is changed under these conditions when 
considering perfect dielectrics. 

Case II. High inductive capacity material in series with the 
air dielectric, that is, when the additional material conforms to an 
equipotential surface. In this case the form of the equipotential 
and flux surfaces is not distorted by refraction. There is, however, 
an increase in the total amount of flux at constant applied 
potential difference which causes a change in the distribution 
of the stresses. The stress in the part of the field where the 
high inductive capacity (permittivity) material has been in
serted is reduced, and that in the low capacity (permittivity) 
material increased. Therefore, in this case allowance has to be 
made for this effect. 

In the above cases it is not necessary to have the surface of 
discontinuity rigorously conform to the flux or the equipotential 
surface since a small variation will not greatly disturb the field. 
This can be easily seen by making simple calculations by the 
law of flux refraction, which states that the tangent of the angle 
of incidence 6i is to the tangent of the angle of refraction 62 as 
permittivity of the first medium ki is to the permittivity of the 
second k2.12 

12. For example see Jeans, "Electricity and Magnet ism," p . 335; 
Webster , "Electricity and Magnet ism," p . 327; Karapetoff, " T h e Electric 
Circuit ," p . 28 or 163. 
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Thus 
tan 0i k\ 
tan 0 2 k2 

(See Fig. (?) 

As an example consider the case in which 
ki = 1 (air) 
jfe2 = 3 (oil) 
0i = 70 deg. (the assumed angle of incidence) 

Then, 

tan 0 2 = tan 0i — 

tan 0 2 = 2.747 X 3 = 8.25 
0 2 = 83 deg. (the angle of refraction) 

Equi. ^ ^ ^ ^ 
Pot. L 

J K 2 >1 
jf 9 2 = 83° Equi. 

70°= « h ' v / / \ 
; Magnified Section 

s 
F I G . 6 

As 0i approaches 90 deg., that is coincidence with the line of 
force, 0 2 also approaches 90 deg., and in the limit we have the 
case of two dielectrics of different permittivities in parallel. 
Under these conditions the form of the electrostatic field is 
unaltered by the presence of the two dissimilar materials, and 
the flux density in the air is not increased thereby. If 0i ap
proaches zero degree then, in the limit, we have the case of two 
dissimilar dielectrics in series, and for this case the flux density 
in the two materials is the same, but due to the increase in total 
amount of flux the density in the air is increased by the presence 
of the higher permittivity material. 

The above considerations show that there are two cases in 
which we can apply the diagrams obtained by using a single elec
trolyte to bushing design without fear of large errors being intro-
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duced due to flux refraction between the dissimilar materials 
which are in practice necessarily used for bushing. 

Uniform Field Type of Bushing 
Thus applying Case I we see that it may be possible to so shape 

the electrode that the strongest surface of discontinuity between 
the supporting or high inductive capacity material and the air 
conforms closely to a line of flux. In that case the introduction 
of the solid material will not alter the field distribution and we 
would thus obtain one of the infinite number of theoretically 
correct designs. If this design can be obtained without making 
the electrodes of an impractical shape or size, this particular 
solution of the problem would be all that we require. For the 
case of ideal or perfect dielectrics, which assumes that the sur
face of discontinuity between the air and solid dielectric does 
not introduce a weakening influence, the strongest surface would 
be an equigradient surface which coincides with a line of flux.1'6 

In this type of bushing it will be observed that the surface of 
discontinuity receives the full value of the potential gradient 
and therefore any weakening influence due to the surface of 
discontinuity between dissimilar dielectrics will exert its maxi
mum ill effect. In the following a bushing built along these lines 
has been referred to as the "High-Air-Efficiency Bushing.'' It 
may also be called the "Uniform-Field Type," since the support
ing dielectric and air are in parallel in an essentially uniform 
field. 

By the use of artificial equipotential surfaces placed so as to 
bring about uniform gradient in the supporting dielectric, this 
type of bushing would, assuming perfect dielectrics, be as small 
as it is possible to construct, that is, it would use the air and any 
available supporting dielectric to their maximum efficiencies. 

Radial Field Type of Bushing 
If we apply Case II to bushing design we would obtain a con

dition in which the potential gradient is zero along the surface 
of discontinuity between the air and supporting dielectric, and, 
therefore, has its full value normal to the surface. A bushing of 
this type would not be affected by surface conditions. It is 

1 3 . It may be of interest to compare this suggested criterion which 
assumes ideal dielectrics with that suggested b y C. L. Fortescue and S. 
W . Farnsworth, and J. M . Weed 's discussion, A. I. E. E., T R A N S . , 1 9 1 3 , 
Vol . X X I I , Part I, p . 8 9 3 , "Air as an Insulator when in the Presence of 
Insulating Bodies of Higher Specific Inductive Capacity.'* 
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Transformer 
One Side Grounded 

F I G . 7 

and air dielectrics are essentially in series in a radial field. If the 
surface effect is very great, that is, if the component of the poten
tial gradient along the surface has to be very small, this type of 
bushing when provided with artificial equipotential surfaces 
to obtain uniform stress in the supporting dielectric would 
result in as small a bushing as it is possible to construct. 
In this case the potential gradient would be approximately 

obviously impossible to have the supporting dielectric connecting 
the grounded and high-potential electrodes actually coincide with 
an equipotential surface since the two electrodes must be at 
different potentials, nevertheless the condition can be approxi
mately obtained in practise. This type of bushing has been 
referred to as the radial-field type. In this case the supporting 
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normal to the surface and is, of course, only limited by the 
strength of air. 

Under-Oil End. In the above discussion we have considered 
the top part of the bushing where two greatly dissimilar dielec
trics must generally be employed. The under oil end of the 
bushing can, as a fair approximation, be treated as a single 
dielectric problem since the dielectrics usually employed do not 
differ very greatly in inductive capacities. 

The under-oil end requires careful study due to the proximity 
of disturbing influences such as the core and windings of the 
transformer. It may be found desirable to use a rather large cap 
on the under-oil end to shield the bushing from these disturbing 
influences. 

F I G . 8 

This part of the problem will have to be carefully considered 
in conjunction with the whole design of the transformer or switch, 
etc. Fig. 7 is an illustrative suggestion of transformer design 
which would assist in an efficient under-oil-bushing design. 
Fig. 8 shows a swdtch design in which a large cap is used to reduce 
the tendency for an arc to re-strike, and, at the same time, pro
vides a sort of deflector which throws the gas bubbles, etc., away 
from the surface of the dielectric. This could be given a sort 
of curved or bucket shape so as to produce eddies which might 
reduce the height of oil necessary over-the contacts, etc. 

Explanation of Diagrams 
The diagrams are drawn for equal tubes of electrostatic flux 

or force and equal differences of potential between equipotentials. 
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That is, they are plane sections through the solid figure of revolu
tion. Thus, if we imagine this plane section rotated about the 
axis of symmetry, the lines in the diagrams will cut out the 
correct surfaces—the equipotential lines and flux lines will 
generate equal tubes of flux and equipotential surfaces for equal 
differences of potential. The elementary cells, or elementary 
cylindrical condensers, thus cut out will have the same capacity 
throughout the field. 

13 14 15 16 17 18 19 20 2122 2324 

FIG. 9 

In the case of diagrams, Figs. 27 and 28 dealing with the use of 
artificial equipotential surfaces the tubes of flux were not drawn 
in since they would be discontinuous at the metal surfaces. For 
this reason it was thought that they would confuse rather than 
add to the diagrams. 

Discussion of Diagrams 
Fig. 9. {Mathematical Solution Fig. 10). It will be readily seen 

that if we assume our transformer or switch tank sufficiently 
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large, we can consider the top of the tank as an infinite plane 
with a circular hole in the middle. As our desired means, of 
metallic connection the simplest would be merely a wire passing 
perpendicularly through the hole in the tank connecting the 
inside with the outside. As these electrodes constitute the 
simplest imaginable form from which to design a bushing their 
electrostatic field was the first studied. 

F I G . 10 

This diagram shows the characteristics of what has for con
venience been termed the radial-field type. 

In designing a bushing from this diagram we would probably 
select equipotential surface 1 or 2 to represent the cover of the 
tank with hole and rounded edge which makes the stress on the 
supporting dielectric about three times as high as allowable for 
the air part of the dielectric. In order to stress the supporting 
dielectric near the rod to approximately the same value as that 
at the edge of the hole we would select as our rod an equipotential 
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surface somewhere between No. 25 and No. 30. . Under these 
conditions the ratio of rod diameter to hole diameter would be 
about 5 to 1. There are, however, many factors (such as the 
relative strengths of the dielectrics employed and whether the 
strength is equal in all directions, etc.) which will influence the 
above ratio and it should, therefore, not be considered as a fixed 
quantity. 

The edge of the hole in the tank must clearly be embedded in 
the supporting, stronger than air, dielectric to eliminate over 
stressed air near the edge. That is, the value of a ground shield 
is clearly shown. This type of bushing will necessarily be quite 
high in order not to over stress the air at the top. 

A study of this diagram suggested that a mathematical solu
tion of this case should be quite easily obtained, due to the 
apparent simplicity of the equipotential surfaces and their 
mutual resemblance. Some of the lines of force were drawn in 
and were seen to conform fairly closely to confocal ellipses, 
having the edge of the plane as focus (see Fig. 9). This sug
gested that if there were no disturbing influences, that is, if the 
rod were very small in diameter and infinitely long and the 
plane also infinite in extent, the solution of the problem would 
consist in a confocal system of hyperboloids of one sheet as the 
equipotential surfaces, and confocal oblate spheroids as the 
surfaces of force. A plane section through the axis of symmetry 
of this figure is then a family of confocal hyperbolas and ellipses. 
The minor axis of the ellipses is the axis of symmetry or the 
axis about which the plane figure is rotated in order to cut out 
the solid figure. 

In order to test this assumed solution of the problem, a dia
gram was constructed as follows: 

Two large confocal ellipses were constructed having the minor 
axis along the rod and the radius of the hole in the plane as 
semi-major axis. The space between these two ellipses was 
then divided up into cells (see Fig. 11) which obeyed the required 
geometrical law: 

2irrXh 
^ = C (a constant) 

the mean radius of the* cell 
distance between the two confocal ellipses 
the other dimension of the small rectangular cell 

(or the distance between the concentric cylin
ders) . 

where r — 
h = 
d = 
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By cut and try, the space between the two ellipses was di
vided up into small cells of constant C. This value, C, is 
proportional to the capacity of the small concentric cylinder 
condensers which would be cut out by rotation around the 
minor axis. The family of hyperbolas which has the same focus 
as the ellipses was then drawn through the cells. The figure 
was then completed by drawing in the complete family of con-

x 

F I G . 11 

focal ellipses which divided the whole field into cells having the 
same capacity or constant C. The fact that it was possible to 
complete this construction is a graphical proof of the correctness 
of the assumed solution; namely, that confocal hyperboloids of 
one sheet are the equipotential surfaces, and confocal oblate 
spheroids the boundary surfaces of the tubes of flux. 

After obtaining the solution of the problem by this method, 
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I found that it was well known; for example Maxwell 1 4 discusses 
the mathematical solution of this and similar problems. Other 
treatments will also be found in many books. 1 5 

Notwithstanding the numerous treatments of the subject it 
was not until a lengthy study of these sources, besides cor
respondence and later the great privilege of an interview with 
Professor W. E. Byerly, that I was able to obtain what appeared 
to me to be a clear and useful solution of the problem. 

I believe that there are other engineers who find it difficult 
to readily understand, and therefore use, to the best advantage, 
the results of the great deal of extremely valuable mathematical 
work which is available in the various treatises. It seems to me 
a great pity that the mathematicians do not more frequently 
reduce their results to a readily utilizable form, and wherever 
possible sketch out, with examples, some of the applications which 
must occur to them while working on the subject. In spite of 
the drudgery which necessarily accompanies any numerical cal
culations, I believe that a writer would be amply repaid for his 
trouble by the greatly increased number of people who would 
study and be able to use his results. 

Another difficulty, which I have frequently encountered, is 
the fact that the writer assumes too great a familiarity with 
existing mathematical works on the part of his readers. 
No one is better able to supply page references to 
what he considers a good and clear treatment of his state
ments " it has been proved ". I also believe that no 
work would suffer from the inclusion of an appendix of 
"it can be easily shown" and in some cases the "hences". All 
of these additions could be skipped by the fluent mathematical 
readers but would be available as wonderful time savers and 
often life savers to the ordinary engineer. For these reasons I 
have included an unexpurgated edition of two electrostatic 
problems in the appendix to this paper. 

Problem I. The distribution of the electrostatic field when 
any two confocal hyperboloids of revolution of one sheet, and 
of the same family, are maintained at given potentials. 

14. See Maxwell, , Electricity and Magnetism, Vol . I, p . 235 and fo l 
lowing. 

15. See Byerly, Fourier Series and Spherical Harmonics, p . 238-247. 
J. H. Jeans, Electricity and Magnetism, p . 238-244; A . G. Webster, 
Electricity and Magnetism, p . 203-242, 273, etc.; I. Todhunter, The 
Functions of Laplace, Lame" and Bessel, Chapter X X I p . 211. 
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This problem is useful as an approximation in studying high-
voltage bushing design; it also gives us an interesting variety of 
possible electrode shapes for use in testing insulating materials, 
where it is desirable to be able to calculate the gradients. When 
testing a dielectric of given inductive capacity immersed in a 
dielectric having a different inductive capacity {i.e., hard rubber 

16 17 18 19 20 21 22 23 24 25 26 2728 30 35 

F I G . 1 2 

in air or oil) the edge effect can be eliminated by shaping the 
test piece so as to follow a line of force or flux. 

Problem II. The distribution of the electrostatic field when 
any two confocal hyperboloids of revolution -of two sheets and 
of the same family are maintained at given potentials. This 
problem is of interest as an approximation to a group of problems 
which are of frequent occurrence in engineering. For example, 
it may be applied to switch electrodes at various spacings; also, 
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as an approximation in vacuum tube designs, such as X-ray 
tubes, kenotrons, etc. That is, it is an approximation to the 
problems of two elongated electrodes at various spacings, (i.e., 
two needles or a needle and a plane) etc. 

Fig. 12. This diagram16 shows a form of field intermediate 
between the radial and uniform-field types. The effect produced 
by adding a collar to the edge of the hole in the plane is shown. 
The addition of a collar or extended ground shield is generally 
used on the air end to shield the bolts necessary in clamping 

20 21 22 23 24 25 26 27 28 29 30 35 4045 

76 CM. 

F I G . 13 

the bushing to the tank. It may also be used to shield 
switch mechanism, etc. A ground shield extending below the 
surface of the oil oh the under-oil end is usually necessary in order 
to remove the stress on the air above the oil. 

In designing a bushing from this diagram, we would probably 
select equipotential surface No. 2 or No. 3 as cover of the tank 
with hole and collar or ground shield and an equipotential surface 

16. Dr. C. P. Steinmetz has published this diagram in the fourth 
edition of his Electrical Engineering, page 116/which has recently appeared, 
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resembling No. 20 as high potential electrode. In practise we 
would probably not build the electrode of the shape of surface 
No. 20, but would make up the electrode of a straight rod and 
cap which would be roughly equivalent to surface No. 20. The 
addition of the cap and collar does not greatly alter the con
clusions regarding the ratio of rod to hole diameters as outlined 
above when discussing this point for the simplest case, that of a 
rod passing through a hole in a plane. That is, the edge effect of 
the collar or cylinder is about the same as that for the edge of a 
plane. 

20 21 22 23 24 25 26 27 28 29 303132 33 34 35 40 45 

85.4 CM. 

F I G . 14 

Fig. 13, 14 and 15. These diagrams are essentially of the 
uniform-field type. A study of diagrams, Figs. 9 and 12, indi
cated, that by increasing the size of the cap and bringing it closer 
to the case, the efficiency of the use of the air part of the dielectric 
could be increased. That is, it appeared practical to shape the 
electrodes of the bushing in such a way that the distribution of 
the electrostatic field would approach the condition in which the 
strongest surface assuming ideal dielectric (constant gradient or 
flux density) coincides with a line of force in the part of the field 
where it is desired to introduce the dielectric of higher specific 
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inductive capacity than the rest, which may be air or oil. As 
previously stated the resulting bushing would use the air at its 
maximum efficiency and hence the resulting bushing would be as 
efficient, with respect to the air path, as any of the infinite other 
solutions which could be obtained by using flux refraction com
bined with various electrode configurations. 

In order to experimentally test out this conclusion, Figs. 13, 
14 and 15 were taken. Skeleton electrodes were used, as 

22 23 24 25 26 27 '28 29 30 31 32 34 36 3840 V= 50 

83.6 CM. A 
F I G . 15 

in the previous experimental work, in order to simplify 
matters. For instance, one electrode may consist in a thin piece 
of sheet iron, or tin, with a hole in it; the other electrode a small 
wire with an attached metal disk. The proper actual shape of the 
rod with cap and the tank will then be selected from the equipo
tential surfaces which are obtained by the experiment. 

For the new diagrams the size of the cap was increased so as 
to have a diameter of about 1J^ times that of the hole in the 
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plane, and was placed at about one diameter from the plane. 
The short cylinder was added to the sheet-iron disk for Fig. 14, 
to form a skeleton electrode which would flatten out the 
equipotential surfaces near the edge of the disk, and also to bring 
the lines of force into a more nearly cylindrical form. Briefly, 
to give the effect of a cap having a greater radius of curvature 
at its edge. 

In applying these diagrams to bushing design we would prob
ably select the equipotential surface 2 as the top of the tank, and 
an equipotential surface between 28 to 32 as our rod with cap. 
This selection gives approximately equal gradient at the edge of 
the hole in the tank and at the rod. Also, the maximum gradient 
on the cap is not too different from that near the tank. The 
supporting insulation, stronger than air and of higher specific 
inductive capacity, would probably be put in somewhere between 
flux lines number 4 to 7. 

It is apparent from the diagram that this bushing would have 
its maximum air stress near the edge of the cap, and therefore, 
would probably arc-over clear of the solid insulation, unless the 
surface introduces appreciable weakening influences. This 
matter will have to be settled by experiment and then given 
consideration according to its magnitude. Assuming a surface 
which does not appreciably affect the arc-over of the bushing, 
we obtain from the full size diagram, Fig. 14, the following result. 
Selecting equipotential surface No. 30 as our rod with cap, we see 
that the maximum potential gradient in the air occurs near the 
edge of the cap. We must, therefore, select this gradient to be 
that at which air breaks down or approximately 21 kv. effective 
per cm. The distance between equipotential surfaces 30 and 29 
is about 0.6 cm. (on the full size diagram). 
Hence 

29 

e 
30 

0.6 
21 kv. effective per cm. (assumed strength 

of air.) 

29 

e 
30 

12.6 kv. effective, the potential at which 
breakdown will occur between these two 
surfaces. 
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Between the cap and the tank (equipotential surface'No. 2) 
there are 28 equipotential surfaces drawn for equal differences of 
potential. Therefore, the arc-over voltage of this terminal 
would be obtained by multiplying the number of equipotential 
surfaces between that selected as the rod with cap and the tank, 
by the voltage which would cause breakdown if applied between 
the two consecutive surfaces in the densest part of the air field. 
In this case the number of surfaces is 28, and the voltage at which 
breakdown first occurs between two surfaces is 12.6 kv. effec
tive. 

Hence 

28 X 12.6 = 350 kv. effective arc-over voltage. 

The operating voltage, assuming a safety factor of 3, would be 
116 kv. effective. This calculation assumes that as soon as the 
gradient at the edge of the cap reaches the breakdown value, 
arc-over will occur (unstable condition). 

With regards to the stresses on the solid or liquid dielectric 
which is used in this design, it may be of interest to observe that 
the maximum gradient, which occurs along the path between 
rod and edge of tank, is approximately 63 kv. effective per cm. 
or three times that at which air breaks down. 

The efficiency with which this bushing uses the air part of the 
dielectric may be estimated as follows: 

Assuming arc-over to occur from the point of maximum stress 
on the cap, that is, near the outer edge, to the tank a distance of 
approximately 30 cm., we see that this air path under uniform 
gradient, should arc-over at 

30 X 21 = 630 kv. effective. 

Hence, taking the efficiency to be the ratio of the arc-over volt
age as estimated above from the diagram, to this uniform 
gradient condition, we have 

^ r n . 350 kv. 
Efficiency = ^ v

 = 55 per cent. 

Fig. 15, shows the effect of the addition of a collar or cylin
drical ground shield to a bushing of this type. The con
clusions are similar to those which may be drawn from the 
previous diagrams. 
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T E S T S O N E X P E R I M E N T A L H I G H - A I R - E F F I C I E N C Y B U S H I N G 

An experimental bushing was constructed from a photographic 
reduction of Fig. 14, as outlined in Fig. 16. Two supporting 
dielectrics were tried. In the first case a smooth porce
lain piece conforming as closely as possible to the flux line No. 7 
was used. In the second case the porcelain surface was corru
gated as shown in the figure between flux lines No. 4 and No. 7. 

| 0 1 2 3 4 5 ^ 7 8 9 10 " 1 P 
J I I I I I I I 

F I G . 1 6 

The electrodes and porcelain pieces were cemented together with 
a sort of sealing wax compound, considerable effort being made 
to make good joints at the electrodes. Equipotential surface 
No. 30 was chosen as the central electrode shape but was modi
fied at the top as shown in the figure as it was not thought im
portant to conform to the diagram at the top part of the electrode 
where the stress on the air is very low. Equipotential surface 
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No. 2 was selected as the ground plane and extended 43 cm. from 
the axis. The upper and lower parts of the bushing were made 
as nearly alike as possible; Fig. 17 and 18 show the general 
appearance and construction of the bushings. 

The principal electrical characteristics, as obtained from the 
experimental diagram, Fig. 14, are as follows: The maximum 
gradient on the air part of the dielectric occurs on the cap of the 
central electrodes and well away from the surface of the support
ing dielectric. The gradient at this point reaches 21 kv. effective 
per cm. (or the assumed breakdown strength of air) at about 117 
kv. effective. The gradient along flux line No. 7 (7.3 cm. long) 
is practically uniform and will reach 21 kv. effective per cm. at 
about 153 kv. The gradient at the edge of the ground electrode 
and the central rod are approximately equal and are about three 
times the maximum gradient on the air. 

The arc-over voltages of the corrugated and smooth bushings 
may be estimated as follows: 

(1) Smooth Surface 
If we assume that the surface and joints of the porcelain do not 

introduce disturbing influences, arc-over should occur clear of 
the surface at 117 kv. effective. For this potential difference the 
gradient along the surface of the porcelain would be 16 kv. 
effective per cm. 

(2) Corrugated Surface. 
If we neglect refraction effects and make the very rough 

assumption that the corrugations introduce half air and half 
porcelain in series in a uniform field we would have for the arc-
over voltage 

e arc-over voltage 

Where 
21 kv. per cm. 

Xi = x2 = 
7JJ 

2 cm. 

k = 5 porcelain 
Hence, 

e = 92 kv. effective. 
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and arc-over would occur by unstable corona formation in the 
corrugations at 92 kv. effective. 

At this voltage the average potential gradient along the arc-

92 
over path would be =—5 = 12.6 kv. effective per cm. 

1 . o 

Summary of Tests 
Sixty-Cycle Arc-over Voltage, (average of ten readings) 

Surfaces cleaned with absolute alcohol and wiped dry 
I Smooth Surface 80 kv. =L 10 kv. 

Average gradient 11 kv. per cm. 
II Corrugated Surface 72 kv. ± 10 kv. 

Average gradient 9.9 kv. per cm. 

Surfaces c'eaned as above and then covered with an oil film. 
I Smooth Surface 75 kv. d= 10 kv. 

Average gradient 10.3 kv. per cm. 
II Corrugated Surface 82 kv. ± 5 kv. 

Average gradient 11.2 kv. per cm. 

The arc-over voltages after visible carbonization points have 
been formed at the sealing wax joints and on the porcelain is 
given below. This condition is reached after about 15 arc-overs, 
when dry clean surfaces are used and in 5 to 10 arc-overs when 
the surface is oiled. Handling the surface results in about the 
same arc-over voltages. 

I Smooth Surface 50 kv. ± 2 kv. 
Average gradient 6.85 kv. per cm. 

II. Corrugated Surface 5 kv. ± 2 kv. 
Average gradient 7.25 kv. per cm. 

Surface of electrodes and porcelain covered with city water, 
that is, the surfaces were sprayed after all the oil had been 
removed. 

I Smooth Surface 23 kv. ± 3 kv. 
Average gradient 3.15 kv. per cm. 

II Corrugated Surface 27 kv. =fc 3 kv. 
Average gradient 3.7 kv. per cm. 

Surface oiled and a needle point x/i in. long placed upright at 
the corrugated surface on the ground plate. 

First arc-over 50 kv. 
Average gradient 6.85 kv. per cm. 
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After about three arc-overs a carbonized point could be seen 
to form at the arcing point on the upper electrode above the 
needle, also considerable carbonization took place around the 
needle. 

Under these conditions the arc-over 

was 35 kv. 
An average gradient of 4.8 kv. per cm. 

60 Cycle Under-Oil Tests. After the above mentioned tests 
were completed the bushing was immersed in oil (40 kv. oil as 
measured by standard gap of 0.2 in. (0.5 cm.) between 0.5 in. 
(1.27 cm.) terminals) in order to determine the under-oil charac
teristics. 

In both cases arc-over took place over the porcelain surfaces 
and in the corrugated bushing followed in and out of the corruga
tions. The results were 

I Smooth Surface 122 kv. 
Average gradient 16.7 kv. per cm. 

II Corrugated Surface 144 kv. 
Average gradient 19.7 kv. per cm. 

Impulse Arc-over Tests. Impulse tests were made using F. W. 
Peek's impulse generator.17 Impulses having various frequencies 
and wave shapes were used but as the results were in good agree
ment in all cases only a typical set of readings will be given. 
The calculated frequency of the impulse wave is given as 500 
kilocycles with a maximum voltage corresponding to 188 kv. 
effective. 

The arc-over voltages as measured by 12.5-cm. spheres placed 
in parallel with the bushing were as follows: 

f i l l . 5 spheres only 
I Smooth Surface . . . . \ 117. half and half 

1 121. bushing only 
Average gradient 16. kv. per cm. 

r 104. spheres only 
II Corrugated Surface . . . . 1 1 1 . half and half 

1 117. 

bushing only 
Average gradient.. . . 15. 2 kv. per cm. 

The results were practically identical with clean dry or oiled 
surfaces. 

1 7 . "The Effect of Transient Voltages on Dielectrics." A. I. E. E., 
T R A N S . , 1 9 1 5 , Vol . X X X I V , Part II , p . 1 8 5 7 . 
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Observations and Discussion 
In all of the tests on the smooth bushing the arc-over appeared 

to follow close to the surface. In the corrugated case arc-over 
appeared to take place along flux line No. 7, that is, did not 
follow in and out of the corrugations. (The only exception was 
in the case mentioned of the under oil arc-over of the corrugated 
bushing where the path followed the corrugations in and out). 

The previous calculations indicated that the smooth porcelain 
bushing should arc over clear of the surface at about 117 kv. 
whereas in test it arced-over along the surface at about 80 kv. 
db 10 kv. (oily and dry surfaces do not seem to be greatly dif
ferent) or say approximately 70 per cent of the calculated arc-
over voltage. However, this comparison is not a truly correct 
one since the arc-over occurred at the surface and not at the 
point of maximum gradient. A better comparison of calculated 
and observed arc-overs is obtained by comparing the calculated 
surface arc-over with the actual surface arc-over. 

Sixty-Cycle Tests. (A) Averaging the clean and oily surfaces 
we have 

calc. surface arc-over 
measured surface arc-over 

(B) Carbonization points formed after a number of arc-overs 

calc. surface arc-over 
measured surface arc-over 

153 
(C) Surfaces and electrodes sprayed with water. . = = 6.6 

153 
Impulse Tests. (D) Clean or oily surf aces = ^yf = 1-3 

Many explanations may be advanced for the above results; 
at first I was inclined to account for them in the following man
ner. 

Case A. Here breakdown occurred over the surface of the 
bushing at approximately one-half the calculated voltage. To 
account for this we might assume that a conducting corona ring 
forms prematurely due to an imperfect joint between the porce
lain and electrodes, since at the joint a high stress might exist on 
the air due to the high inductive capacity material being in series 
with the air at this point. If such a conducting corona ring was 
formed the maximum stress upon it would be approximately 

153 
77 

= ^ ~ = 2 . 0 

153 
50 

= 3.1 
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twice that existing in the uniform part of the field. For if we 
insert a cylindrical conductor in a uniform field the maximum 
gradient on the cylinder will be twice the gradient of the uniform 
field in which it is placed or if we have two infinite, plane elec
trodes having hemicylindrical bosses upon them, then for spac-
ings between the planes such that the field between is essentially 
uniform in the middle the gradient in the vicinity of the cylin
drical bosses will be a maximum on the crest of the boss and will 
be twice the gradient existing in the uniform part of the field. 

The solution of this problem is obtained by the method of 
images; by superimposing a uniform field upon the field of a 
linear doublet.1 8 A complete diagram of the electrostatic field 
is given by Maxwell in Plate X V at the end of Vol. II of "Elec
tricity and Magnetism." 

If we make the further assumption that the corona ring is 
unstable then we see that arc-over should occur at approximately 
one-half the calculated arc-over voltage assuming perfect joints 
and surfaces, which is about the value observed from the tests. 
It is of course probable that the gradient at the surface of the 
boss will have to be somewhat above 21 kv. effective per cm. at 
breakdown, or what is the same thing, the breakdown strength of 
air (assumed 21 kv. eff. per cm.) must be reached at a finite 
though small distance from the surface of the boss. This same 
effect is well known in the case of wires or concentric cylinders, 
etc., for example, it has been discussed by F. W. Peek, Jr.19 

Case B. Carbonization points formed after a number of arc-
overs. In this case arc-over took place over the surface at about 
one third the calculated value. A method of approximately 
explaining this case may be based upon the assumption that a 
small hemispherical corona boss forms on the surface of the 
electrodes. The solution of the electrostatic problem of two 
infinite planes having hemispherical bosses is obtained by super
imposing a uniform field upon the field of a spherical doublet. 
The gradient is a maximum on the crest of the boss and is three 
times that in the uniform part of the field.20 

18. See "Electricity and Magnet ism". A. G. Webster, p . 202, also 
p . 88. Notes on Electric Field Distribution. Journal of the Franklin 
Institute, July, 1913. W . S. Franklin, p . 72-75. 

19. A. I. E. E., T R A N S . , 1911, Vol . X X X , Part I I I , p. 1889, " T h e Law 
of Corona and the Dielectric Strength of Ai r . " 

20. J. H. Jeans, "Electricity and Magnet ism," p . 188-191; A . G. 
Webster, "Electricity and Magnet ism", p . 371-373; Lord Kelvin Papers 
on "Electrostatics and Magnet ism," p. 492; J. J. Thomson, "Elect r ic i ty 
and Magnet ism," p . 158-160. 
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Diagrams of the lines of force or flux will be found in the 
various references given below and a somewhat similar and in
structive case is shown in Plate III at the end of Vol. I—Maxwell, 
''Electricity and Magnetism." 

Case C. Water particles on the surface. In this case arc-over 
occurs at about one-half the needle-gap arc-over at this spacing. 
This low arc-over under these conditions may be a sort of pro
gressive breakdown between adjacent water particles or distor
tion of the field by erratic conduction, etc. 

Case D. The impulse test shows an arc-over voltage which is 
very close to the calculated arc-over assuming that it takes place 
clear of the surface. To the eye, however, the arc-over seems to 
take place along or very close to the surface and therefore there 
seems to be some disturbing influence at work which the above 
explanations do not take into account. 

The previous calculations for the corrugated porcelain bushing 
indicated that the arc-over should take place along the edge of 
the corrugations due to unstable corona formation in the valleys 
of the corrugations. The calculation is necessarily only approxi
mate as the flux refraction produced at the corrugations is 
neglected. 

A comparison of the various cases may, however, be of interest. 

Sixty-cycle Tests. 
Case A. Oily and clean surfaces ratio of calculated go 

to test arc-over ~ = 1.2 

Case B. Carbonization points formed after a num- ^ 
ber of arc-overs -=75 = 1.74 

bo 

92 
Case C. Surfaces sprayed with water 27 = 3 ^ 

Impulse Test 
92 

Case D. Clean and Oily Surface -yy-j = 0 . 8 3 

Explanations similar to those offered for the smooth surface 
might be advanced but cannot be quantitatively applied as the 
field conditions are not as definitely known. 

Under Oil Tests (60 Cycles). The under oil arc-over tests also 
show a lower value than would be expected if we assume perfect 
joints and ideal dielectrics. 
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The strength of oil at these large spaeings (7.3 cm.) is about 
33 kv. effective per cm., and therefore the surface arc-over voltage 
should be 7.3 X 33 = 240 kv. effective for the smooth porcelain 
surface 

calculated surface arc-over _ 240 _ 2 Q 
measured surface arc-over 122 

It will be observed that the explanation above (corona ring or 
joint effect) could be applied to these tests and give what would 
appear to be a satisfactory explanation of the observed discrep
ancy between calculated surface arc-over voltage and that ob
tained from the tests. The corrugated porcelain surface could 
be discussed qualitatively in a similar manner. 

A D D I T I O N A L T E S T S O N " H I G H - A I R - E F F I C I E N C Y B U S H I N G S . 

The object of the following tests was to determine the dis
turbing influence of the walls and floor of the room or ground 
upon the arc-over voltage of this type of bushing. The following 
tests were made using the corrugated supporting dielectric as it 
was still assembled with the electrodes. The previous under-oil 
tests had damaged the porcelain surface on one side, and there
fore, necessitated submerging the injured end under oil. For 
this purpose, a wooden oil tank was used,' the tests being made 
on the uninjured end. The surface of the porcelain was oiled 
for all tests. 

Summary of Tests 
Sixty-Cycle Arc-Over Voltage. (average of ten readings) 

Corrugated Surface. 
(A) Plane grounded 

Arc-over voltage 67 kv. =b 5 kv. eff. 
Average gradient 9.2 kv. per cm. 

(B) Plane isolated, central electrode grounded 
Arc-over voltage 67 kv. ± 4 kv. 
Average gradient 9.2 kv. per cm. 

(C) Bushing entirely isolated. 
Arc-over voltage 80 kv. =b 10 kv. 
Average gradient 11 kv. per cm. 

A comparison of these tests with the previous ones show a 
reduction of the arc-over voltage for the grounded cases to about 
80 per cent of'the previous values. The isolated case agrees 
closely with the previous tests where the plane was grounded. 
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The results might be expected from the following considera
tion: In the previous tests the bushing was suspended about 
10 ft. above the floor of the room, and therefore was not ap
preciably influenced by the floor and walls, whereas the present 
tests were made with the bushing about 2 to 3 ft. from the floor 
of the room. The conditions of the test had to be changed, due 
to the fact that it was necessary to have the damaged end of the 
bushing under oil. Under these conditions the proximity of the 
floor of the room or ground would have a greater effect uj)on the 
grounded cases, A and B} than for case C where both plane and 
central electrode were isolated. 

It may be interesting to note, at this point, that the type of 
electrostatic field, which we are here concerned with, for example, 
an infinite rod passing through a hole in an infinite plane is 
essentially different from the case of two spheres at different 
potentials in space. In our case the rod and the plane both 
are considered as going to infinity and are at different potentials. 
Thus, it is evident that the potential at infinity is indeterminate 
and the electrostatic field distribution merely depends upon the 
relative potential between the two electrodes. This can be seen 
analytically from the mathematical solution for this simplest case 
(see appendix). The case of two spheres in infinite space is quite 
different. For example, assume them to have equal and opposite 
potentials, in that case, the equipotential surfaces are approxi
mately spherical at great distances from the spheres and at an 
infinite distance the equipotential surfaces around each sphere 
are two infinite spheres made up of the infinite plane which 
passes midway between them. By reason of symmetry this 
infinite plane is seen to be at zero potential since it forms the 
equipotential surface which lies midway between the two spheres 
and since this plane goes to infinity the potential at infinity is 
zero. 

If we now assume one sphere at zero potential and the other 
at a positive potential of such a value as to make the relative 
potential between the two spheres the same as before, the elec
trostatic field distribution is no longer symmetrical about the 
plane midway between the spheres, that is, the field has been 
changed though the relative potential between the spheres is the 
same. A diagram of the electrostatic field, under these condi
tions, is shown in Fig. II at the end of Vol. I Electricity and 
Magnetism, by Clerk Maxwell. In this diagram, Q, is the 
spherical surface at zero potential and, A, the other sphere at a 
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positive potential. The concentration of the field about, A, will 
be observed. This is quite a different matter from the effect of 
floor, walls, etc., of the room. I have taken the liberty of calling 
attention to this fact because it has puzzled me considerably 
and may have bothered others also. The above remarks, of 
course, do not apply to the case of two bushings in proximity, 
in which case the fields of the two bushings would have to be 
treated as one. 

C O N C L U S I O N S 

In general, the results of tests on the above high-air-efficiency 
bushings were not very encouraging from the point of view of 
building a satisfactory commercial bushing of this type. How
ever, if the above suggested explanation of the discrepancy 
between theory and test were found to be correct, that is, if the 
disturbing influence is due to corona at the joints between the 
porcelain and electrodes, it should be possible to eliminate it by 
electrostatic shielding of these joints. This might eliminate all 
the lowering of arc-over except that due to rain or sprayed 
surfaces, and, therefore, might give us a useful bushing for in
door use, especially on testing transformers, where the impulse 
safety factor is not important. 

I N V E S T I G A T I O N O F T H E D I S C R E P A N C Y B E T W E E N C A L C U L A T E D 

A N D T E S T A R C - O V E R V O L T A G E O F E X P E R I M E N T A L H I G H - A I R -

E F F I C I E N C Y B U S H I N G 

Joint Effect 
The following tests were carried out in order to obtain an 

experimental check upon the explanation offered above which 
was based upon the assumption that a corona ring formed pre
maturely at the joint between the supporting dielectric and the 
electrodes. 

Large plane electrodes with smoothly rounded edges were 
spun up of brass of the form shown in Fig. 19. The object of the 
design was to obtain as nearly as possible, a uniform field between 
the electrodes without disturbing edge effects. The sixty-cycle 
arc-over voltage was then obtained at various spacings, with 
planes alone, and when provided with small rings, hemispherical 
bosses and points. The results are given in the form of curves in 
Fig. 19. 

It will be observed from the data given on the planes alone 
that the field between them is not accurately uniform since the 
breakdown gradient changes with the spacing and is in general 
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lower than 21 kv. effective per cm. the approximate strength of 
air at these large spacings. The arc-overs were, however, well 
distributed and did not show a tendency to take place at the 
rounded edges. The 200 kilocycle impulses arc-over of the 
planes is given on the curve, and approximately represents the 
true strength of air under uniform field conditions, as the edge 
effect does not seem to greatly lower the impulse arc-over. 

To show roughly the effect of hemicylindrical bosses small 
copper rings \ in. (0.318 cm.) cross-section were used. Two 
diameters for the rings were tried first, one-inch (0.254 cm.) 

0 2 4 6 8 10 12 14 
SPACING BETWEEN PIANES CM. 
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diameter and secondly, four-inch (10.15 cm.). The results were, 
however, not appreciably different and, therefore, the averages 
are shown, first for the case of a single ring on the upper plane, 
and secondly for a ring on each plane. The rings were not made 
half-sections because it was not thought necessary for such rough 
tests. Of course the effect produced by the ring is not rigorously 
equivalent to a straight hemicylindrical boss except where the 
cross section of the ring is exceedingly small and the diameter of 
the ring extremely large in comparison. 

The hemispherical bosses used had a radius of f in. (0.318 cm.) 
No appreciable difference was observed between the case in which 
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a boss was placed on one or on both planes, and, therefore, a 
single curve is shown. 

The points or cones which were employed were approximately 
30 deg. and \ in. (0.635 cm.) high and had rather dull points. 

From the previous discussion we saw that the apparent arc-
over gradient when hemicylindrical bosses were placed upon the 
planes should be, assuming any corona formation to be unstable 
somewhat above 10.5 kv. eff. per cm. due to the so-called "energy 
distance effect" which requires that the surface gradient exceed 
the breakdown strength of air. The rough tests given above 
indicate an apparent surface gradient of about 13 kv. eff. per cm. 
Observation in the dark indicated that arc-over takes place 
without previously showing corona. 

A similar explanation probably suffices to explain the difference 
between the apparent arc-over gradient, as discussed above, for 
the case of a hemispherical boss which indicated that on the 
assumption of unstable corona formation the arc-over would 
take place at an apparent gradient somewhat above 7 kv. eff. per 
cm. In test the apparent gradient was found to be about 10 kv. 
eff. per cm. No corona could be observed in the dark before 
arc-over. 

The case of the small points on the planes is not so easily cal
culated but is interesting in showing the extreme condition. 
Observation in the dark showed streamers from the point to the 
plane just below the arc-over voltage, sometimes resulting in 
arc-over and sometimes going out, the appearance being like very 
fine so-called "static sparks" and not a corona like glow. 

Surface Effect 
Tests in Air and Cil. We have seen that the explanation of the 

discrepancy between calculated and test arc-over voltages of the 
high-air-efficiency bushing can be fairly satisfactorily explained 
on the assumption that the joint between the porcelain and metal 
of the electrodes was the disturbing influence which brought 
about the reduction in arc-over voltage. It has also been pointed 
out that, if this were the true explanation, it should be possible 
to eliminate the effect by proper electrostatic shielding of the 
joints. The following preliminary tests were, therefore, carried 
out in order to roughly check the assumption experimentally. 

For this purpose the two brass electrodes used in the previous 
tests were available, and in addition a second pair of planes were 
spun up on exactly the same form, except that the annular 
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grooves were added as shown in Fig. 20. The object of the 
grooves was to supply an electrostatic seal for the edge of the test 
piece (a glass cylinder in these tests). It is believed that in this 
manner we have shielded the joint between the test piece and the 
electrodes, and, therefore, should have eliminated any disturbing 
influence which might arise from the joints. An imaginary 
sketch of the electrostatic field about the grooves has been drawn 
which is also a detail drawing of the groove. Reference may also 
be made to Figs. X I and XIII , at the back of Vol. I, Electricity 
and Magnetism, by Clerk Maxwell, which show the screening 

+ Glass Tube 

4" 

A-

F I G . 20 

effect of plates and gratings, which are somewhat analogous cases. 
Under these conditions the introduction of the glass cylinder of 
high specific inductive capacity in parallel with the air dielectric 
should have no effect upon the arc-over voltage, providing the 
strength of air is not different when in contact with the test piece. 

The data obtained using various test pieces between the 
smooth and grooved planes in air and oil are summarized by the 
curves, Figs. 21 to 25. During the tests the barometer varied 
between 74.5—76. cm. Hg.; the temperature between 23 deg. 
cent, to 27 deg. cent, and humidity between 34 per cent to 
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53 per cent. The effect of these variations did not show them
selves above the experimental errors involved in the tests and 
therefore all the data was averaged together. The glass cyl nders 
used as test pieces were ordinary soda glass approximately 2.5 
inches (6.25 cm.) diameter with a wall thickness of about 0.07 
inches (0.18 cm). In all cases minute longitudinal flaws were 
visible along the grain of the glass. The edges of the cylinders 
were roughly ground but the process left appreciable irregularities 
which probably would be sufficient to introduce corona dis
turbances, if they are appreciable. 

Three conditions of the glass surface were investigated: I— 

SPACING BETWEEN PLANES CM. 
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Glass cylinders cleaned with absolute alcohol and dried with a 
cloth. This case is represented on the curves as dry glass (I). 

II—Glass cylinders cleaned as in (I) and then heated for about 
3 hours at 180 deg. cent. The cylinders were then removed from 
the oven, handling being done by means of dried fibre strips, and 
set up between the planes for test. Arc-overs were taken while 
the cylinders were still hot and also after they had reached room 
temperature. The later condition is that referred to on the 
curves as dry glass (II). The hot arc-overs differed from the 
room temperature ones merely in proportion to the change in air 
density on the supposition of a heated film of air in the vicinity 
of the hot cylinders. 
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III—Wet glass cylinders. For these tests the cylinders were 
held under the water faucet just before tests were made. 

For the tests in which the cylinders were coated with paraffme, 
or oil, etc., the test piece was soaked in the hot material and then 
tested after reaching room temperature. 

The tests with hard rubber varied considerably as shown by 
the two curves. The upper curve is for hard rubber cylinders 
which had been re-surfaced with fine emery just before test. 
The lower curve shows the arc-over after the test piece had stood 
around the laboratory for a week or so. The tests with oiled 

200. 

18Q 

160 

140 

I 120 

5 ioo 
3 

40 

20 

0 
0 2 4 6 8 10 12 14 SPACING BETWEEN PLANES CM. 

F IG. 2 2 — S M O O T H P L A N E S — S I X T Y - C Y C L E T E S T S IN A I R 

hard rubber refer to cylinders which had been soaked in No. 6 
transil oil for a few days. 

Tests were also made on wound-up paper cylinders impreg
nated with compound. 

The tests using glass disks given on curve sheet Fig. 22 were 
intended to show the effect of breaking up the surface first by the 
natural irregularity of the piled up disks (see Fig. 26), secondly 
with larger glass disks inserted at intervals, and thirdly with 
metal disks inserted at intervals. The glass disks were 0.075 in. 
(0.19 cm.) thick and 2 in. (5 cm.) and 4 in. (10 cm.) diameter 
and had roughly ground edges. The metal barriers were 5 in. 
(12.7 cm.) in diameter and 0.019 in. (0.048 cm.) thick. 
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The under oil tests were carried out in a large wooden oil tank 
containing No. 6 transil oil, testing 40 kv. between 0.5-in. (1.27 
cm.) terminals at 0.2 inches (0.51 cm.) spacing. 

The impulse tests were made using F. W. Peek's impulse 
generator 2 1 with an impulse resembling half a cycle of a 200 
kilocycle sine wave. The voltages given are on the assumption 
that arc-over occurs at the top of the sine wave impulse. 

A few tests were made using glass tubes and hard rubber 
cylinders having different diameters, so as to see whether the 
arc-over was affected by changes in Ihe surface resistance be-

200 

tween the planes. The tests did not, however, show any varia
tion from the previous ones. 

The incompleteness of the data and the irregularities which 
occurred between different samples of the same material as well 
as the rather crude methods of test make any conclusions rather 
questionable. I am, however, inclined at present to the following 
conclusions. 

If all precautions were taken to absolutely free the test samples 
from moisture, and furthermore, if practically perfect joints were 
made between the test samples and the planes, either by electro-

21. See footnote 17. 

F I G . 2 3 — G R O O V E D P L A N E S — S I X T Y - C Y C L E T E S T S IN A I R 
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statistically shielding the joints or by mechanical fit, I believe 
that the presence of insulation in parallel with air or oil, etc., in a 
uniform field would not result in a breakdown lower than that of 
the weakest material. When, however, the joint is not carefully 
made, I believe that premature breakdown occurs at the joint 
when a high inductive capacity material is placed in parallel with 
a lower inductive capacity material. 

When dealing with dielectrics, which have been cleaned and 
dried, with what would be considered great care in the household 
sense of the word, there appears to be a very large reduction in 

arc-over under the conditions 
here discussed, namely, under 
uniform field conditions, depend
ing upon the character of the 
material which cannot be ac
counted for by joint effect. In 
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general, it may be further pointed out that materials such as 
clean new hard rubber, oiled, or paraffined surfaces, which Mr. 
Harvey L. Curtis has shown have a high surface resistivity under 
varying humidity conditions, also show a high breakdown under 
the test conditions here described. From a purely electrostatic 
point of view it is, of course, obvious that if the surface conduc
tion took place in a perfectly regular and uniform manner it 
should not result in any reduction in the arc-over of the test 
pieces as the equipotential surfaces of conduction would coincide 

2 2 . The Volume Resistivity and Surface Resistivity of Insulating 

Materials—General Electric Review, October 1915, p. 996. 
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with electrostatic ones and no distortion or increase in stress 
would thereby result. If, therefore, the reduction is to be 
attributed to surface leakage or conduction, this effect must be of 
an erratic and discontinuous nature. 

It would be of considerable theoretical interest to test this con
clusion experimentally. For example, I believe that a suitably 
high resistance and homogeneous metallic film could be obtained 
on a glass cylinder by subjecting it either to a cathode spray 
or by volatilization in a high vacuum. Some tests were tried in 
which ground-glass cylinders were coated with graphite, etc., 
but without satisfactory results. 
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I believe that a thorough and accurate investigation of this 
phenomena would be of considerable practical as well as theoreti
cal interest. 

R E V I S E D A R C - O V E R C A L C U L A T I O N O F H I G H - A I R - E F F I C I E N C Y 

B U S H I N G 

A revised calculation of the arc-over voltage of the high-air-
efficiency bushing may now be made which takes into account 
the surface and joint effects. We have seen previously that 
the surface arc-over of the bushing in air should take place under 
ideal conditions at about 150 kv, effective. Now, since the 
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electrostatic conditions along the surface are practically identical 
for the bushing and for the test pieces between the smooth planes, 
a direct comparison is legitimate except for the fact that a glass 
'surface is probably not identical with a glazed porcelain surface. 
Nevertheless the comparison is of interest. 

Arc-over of Arc-over of 
High-Air-Efhciency Smooth Planes 

Bushing 7.3 cm. Spacing 

Tests in Air 

Average of dry and oiled 
smooth porcelain surfaces 

60 cycle, 73 kv. effective 
Impulse, 117 kv. effective 
Surface wet with city water 
60 cycle, 23 kv. effective 

Average of dry and oiled glass 

60 cycle, 67 kv. effective 
Impulse, 90 kv. effective 
Surface wet with city water 
60 cycle, 21 kv. effective 

Tests in Oil. 

Smooth porcelain surface Glass cylinder, 
60 cycle, 122 kv. effective 140 kv. effective 

In conclusion it should be observed that if we are forced to use 
supporting dielectrics, which show large surface effects, we must 
consider this fact when we form any criterion for the best use of 
air or oil in combination with the supporting dielectric. If we 
assume that our surface of discontinuity between the air part of 
the dielectric and the solid or supporting dielectric, for instance 
glass, is greatly weaker than air alone, for example—only stands 
a potential gradient of 7.3 kv. effective per cm. instead of 21 kv. 
effective as would probably be the case if perfectly dry and clean; 
then considering this feature alone, we see that in order to use 
both materials most efficiently, the component of the potential 
gradient along the surface should not exceed 7.3 kv. effective 
per cm., whereas the air itself should be used to its full strength 
of 21 kv. effective per cm. Thus, the component of the potential 
gradient normal to the surface should beG = V 21. 2 — 7.32 = 
19.7 kv. effective per cm. or the flux lines should make an angle 
of approximately 70 deg. from the surface. This is practically 
the condition existing in the so-called "Radial Type of Field" in 
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which the supporting dielectric and air are approximately in 
series in a radial field. It will be seen that when considering 
ordinary materials from which bushings are usually made that 
this surface effect practically requires us to go to the radial type 
of field in constructing a bushing. 
C A L C U L A T I O N O F T H E A R C - O V E R O F T H E T E S T P I E C E , D E S C R I B E D 

A N D T E S T E D B Y C . L . F O R T E S C U E A N D S. W . F A R N S W O R T H . 2 3 

The electrodes consisted of confocal hyperboloids of revolution 
of two sheets. The equation of the hyperbolas which constitute 
the generating curves were obtained from the description and 
Fig. 20 of the paper as follows: 2 4 

Where 
/ = V a2 + c2 = 1 in. the semi-focal distance, 

and a = 0.875 in. 
c = 0.485 in. 

from which we have 
x2 _ z2 _ 

(0.875) 2 " (0.485) 2 ~ 

The ellipsoidal hard-rubber supporting dielectric is cut out by 
rotating the ellipse whose equation was determined in a similar 
manner to be 

x2 . y2

 = 

a2 ^ b2 

Where / = V a2 - b2 = 1 in. 
and b = 3.1 in. 

a = 3.26 in. 
and 

x1 y2 

(3.26) 2 + (3T)~2 = 1 

Reference to Fig. 18 or 19 of the appendix shows that the hypo-
bola No. 27 is very approximately the one corresponding to that 
used for the electrodes. The ellipse bounding the hard rubber 
is No. 22 counting out from the focal ellipse as 0. 

26. See footnote 1. 
24. See p . 863 and Figs. 1 and 2 of the appendix. 
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Assuming the breakdown strength of air as 21 kv. effective 
per cm. and perfect dielectrics corona would start at the junction 
between the hard rubber and electrodes at 205 kv. eff. If we 
further assume that the corona formation is unstable arc-over 
should occur assuming perfect dielectrics without surface or 
joint effects at about this value. The factor which takes into 
account the reduction in arc-over, due to what has been called 
surface and joint effect, for the case of hard rubber in parallel 
with air in a uniform field, in which the full value of the gradient 
is along the surface, is applicable in this case. The tests 
have shown that a factor of about 73 per cent should be 
applied to the value as calculated neglecting this effect. Thus, 
the calculated arc-over of this structure is about 150 kv. effective, 
the test results reported by Fortescue and Farnsworth were 
given as 160 kv. effective. 

O U T L I N E O F S O M E O F T H E P O S S I B L E M E T H O D S F O R I N C R E A S I N G 

T H E E F F I C I E N C Y O F T H E U S E O F T H E S U P P O R T I N G 

D I E L E C T R I C 

III the previous discussion on bushing design attention has 
been principally directed towards studying the possibilities of an 
efficient use of the air dielectric. Theoretically, the ideal bushing 
would be that in which the whole dielectric is used to its maxi
mum efficiency, that is, it would be on the point of breakdown 
simultaneously at all points. Therefore, it is interesting to study 
the possibilities of increasing the efficiency of the use of the solid 
or supporting dielectric. For example, inspection of the diagram, 
Fig. 14 shows that the supporting dielectric in a bushing built 
along these lines is not used to its maximum strength except right 
near the rod and edge of the hole in the tank. Therefore, if it is 
possible by some means to redistribute the stress in the solid 
dielectric so as to bring about a more uniform condition, it would 
be possible to greatly reduce the diameter of the bushing as a 
whole. The following are some of the possible methods which 
might be employed. 

I—Theoretically we could bring about the desired condition 
provided we had suitable dielectrics of various inductive capaci
ties and dielectric strengths. We could then place the high 
inductive capacity materials near the rod and edge of the hole 
in the tank putting the lower inductive capacity materials in the 
less dense parts of the field and in some such manner as this bring 
about the condition in which all the dielectrics used were stressed 
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to their maximum strengths. This is the well known principle of 
graded insulation. Unfortunately there is not a very wide varia
tion in the inductive capacities of the materials which are avail
able in practise. 

II—If there were available extremely high resistance materials, 
or dielectrics, we could construct a bushing which would main
tain a proper potential distribution by conduction through the 
dielectric. This might be called a resistance bushing. A graded 
resistance bushing would also be possible. 

Ill—Another method is to insert artificial equipotential sur
faces and thereby control the stresses in the manner which 
we desire. In order to effect the desired distribution of 
stresses the artificial equipotential surfaces must be maintained 
at the proper potentials. Some of the methods which can 
theoretically be used for this purpose are as follows: 

A. Metallic connection to a proper source of potential. For 
example, to transformer taps or external balancing resistances, 
inductances or capacities, etc. A balancing resistance might even 
be embedded in the dielectric. 

B. By conduction through the supporting dielectric. This 
would be similar to the resistance bushing mentioned above 
except that the distribution of the conduction current could be 
modified, in various ways, by the insertion of artificial equipoten
tial surfaces. 

C. Electrostatically (or the well known condenser principle)2 6 

in this case we have the balancing condensers embedded in the 
supporting dielectric, and, at the same time, forming the arti
ficial equipotential surfaces. Of course graded insulation is also 
applicable to this type of bushing. 

Theoretically where artificial equipotential surfaces are used 
they could be extended through the surface of the solid or sup
porting dielectric into the air part of the field where they could 
be used to assist in bringing about the desired field distribution, 
and at the same time, even be made to act as petticoats to shield 
the surface from rain, etc. 

Obviously the possibility exists of making various combina
tions of the above principles. 

When the practical difficulties of utilizing the above methods 

25. R . Nagel Elektrische Bahnen und Betriebe, 1906, p . 278; A. B. 
Reynders, A. I. E . E . , T R A N S . , 1909, Vol . X X V I I I , Part I, p . 209; C . L . 
Fortescue, Electrical Journal, August 1913, p. 718; W . S. Franklin, Journal 
of the Franklin Institute, July 1913. 



830 RICE: ELECTROSTATIC PROBLEMS [Nov . 9 

are considered it appears that case III alone, or possibly in com
bination with grading by inductive capacities, is the most feasible 
at the present time. Therefore, a brief study of this case was 
undertaken making use of the electrodynamic method. 

P R E L I M I N A R Y S T U D Y O F T H E U S E O F A R T I F I C I A L E Q U I P O T E N T I A L 

S U R F A C E S O R P O T E N T I A L E Q U A L I Z E R S 

Diagrams of Figs. 27 and 28, were taken as a preliminary study 
of the effects produced by forcing a uniform distribution of 

6 7 8 9 10 11 1213 15 20 25 3U 36 42 

3 4 5 6 7 8 910 15 20 25 30 36 42 50 
85. CM. 

F I G . 2 7 

potential gradient in the solid or supporting dielectric by the use 
of cylindrical artificial equipotential surfaces. Diagram, Fig. 27, 
shows the effect when the radial field type is used on the air 
end and diagram, Fig. 28, for the uniform field type. The 
under-oil ends are what might be termed semi-radial. 

At the outset, it should be noted that it is necessary to study 
both the air and oil ends simultaneously if they are not symmetri-
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cal, otherwise the problem is indeterminate. Briefly the method 
of experiment was as follows: The skeleton electrodes, for Fig. 27 
consisted of a plane with cylinder (ground shield) and a central 
rod provided with a tin disk at both ends. The disk on the under-
oil end was put in so as to make a definite field in which to end 
the artificial equipotential surfaces. If this were not done the 
bushing would be greatly affected by the piece of apparatus in 

l b c\) 22 24 26 28 32 36 40 50 

4 5 6 7 8 9 10 12 1416 20 24 28 32 36 40 50 
78.5 CM. 

F I G . 2 8 

which it was afterwards used. I believe that this feature is quite 
important. The ground shield was used in order to relieve the 
stress on the air above the oil level, as usual, and was projected 
into the air end so as to shield the joint which would be necessary 
in construction. Five tin quarter cylinders were then added as 
the artificial equipotential surfaces. These were constructed 
of two pieces so that they could be telescoped, thereby making it 
possible to change their length and the position of their ends 
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both in the air and oil parts of the field. The adjustment was 
accomplished by a system of strings so that different positions 
could be tried while experimenting with water in the box. The 
apparatus was set up in this manner and the position of the 
cylinders in the air and oil ends adjusted until the potential gra
dient between the cylinders was as nearly equal as could be easily 
predetermined. It was during the course of this work that it 
was found necessary to add the tin disk at the top of the bushing, 
(See Fig. 27) in order to have a dense field in which to end the 
two inner cylinders. If this were not done they would have had 
to be either too close to the under-oil disk which would mean "too 
great a stress at the bottom of the under-oil end, or greatly 
extended in the air end. In the latter case the resulting bushing 
would have been much higher than seemed desirable for the 
preliminary work where an exaggeration of effects was desirable. 
Naturally, the position of the potential equalizing cylinders may 
be almost anything, that is, the potential of any of the cylinders 
could be brought to the desired value either by adjustment of 
the ends of the cylinder in the air or oil end. Such an arbitrary 
arrangement, without regard to the stresses brought about on 
other parts of the bushing, would obviously result in an imprac
tical design. For instance, it might result in bad stresses at the 
ends of the cylinders and outside of them at the expense of the 
uniform gradient thus obtained within. In both diagrams the 
object was to obtain, as nearly as possible, equal gradient within 
the cylinders, and at the same time r obtain the best external 
field consistent with this requirement. Naturally, in practise 
it would probably be best to compromise between the internal 
and external parts of the field but for a preliminary study it 
seemed best to take one object to start with and study the 
consequences. 

When the diagram was completed, it was found that the pre
liminary adjustment had not actually obtained the uniform 
gradient in the solid material as had been attempted. For 
example, the distributions between the various artificial equipo
tential surfaces starting from the ground shield were as follows: 
(See Figure 27). 

I —Number of lines 6. 
Average gradient 6 lines 

2.92 cm. = 2.05 

II —Number of lines. . . 
Average gradient 

6.4 
6.4 lines 
3.94 cm. = 1-^2 
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III —Number of lines 7. 
Average gradient 7 lines 

4.2 cm. = 1 . 6 6 

IV —Number of lines 6.5 
Average gradient 6.5 lines 

3.3cm. = 1-97 

V —Number of lines 10 
Average gradient 10 lines 

3 .8cm. = 2.64 

VI —Number of lines 14 
Average gradient 14 lines 

2.16cm. = 6.5 

No attempt was made to obtain a low gradient in the last case, 
as it was contemplated to select the equipotential surface of the 
inner cylinder as our rod with cap. 

Inspection of Fig. 27 will show that a concentration of the 
field at the top and bottom ends of the bushing has resulted 
from forcing the nearly uniform gradient between the cylinders. 
It should also be observed that the capacities of the concentric 
cylinder condensers formed by the artificial equipotential sur
faces have no definite relation, under these conditions, where 
the effect of the caps and assymmetry of the problem introduce 
large effects. For example, assuming as the length of the con
densers the mean height of the two adjacent cylinders we have 
for the capacities starting from the ground shield. 

_ mean height _ 25.2 cm. _ 25.2 _ 
" " R " log € 1 • 16 ~ 07l48 ~ 

log* — 

II C proportional to 33.3 cm. _ 33.3 _ 
log6 1.29 ~ 07255 ~ 

III C " " 59.4 cm. = 59.4 = 

loge 1.43 0.358 

IV C " " .86.0 cm. = 86 2 0 

loge 1.52 0.419 

V C " " 94.2 cm. = 94.2 = 

loge 2.5 ""0.916 

VI C " " 100 cm. _ 100 
l o g e 6.7 " H 0 = 5 ^ ' 5 
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I wish to emphasize caution against any conclusions which might 
be drawn from the above values for the capacities; for an entirely 
different adjustment of the lengths of the cylinders could ob
viously be obtained which would still give equal potential 
gradient between the successive cylinders and in which the 
capacities calculated as above would have entirely different 
values and interrelations. 

Before leaving the discussion of this diagram it may be inter
esting to note that if we built a bushing along these lines; for 
example, if we selected equipotential surface No. 36 as our cen
tral rod with cap and equipotential surface No. 0 as plane with 
ground shield, corona would start at the top of the bushing at 
about 238 kv. effective and would probably arc-over slightly 
above this value. The average voltage per cm. of height of this 

238 kv 
bushing would be 1 = 3.4 kv. effective per cm. 

s 70 cm. 
Diagram, Fig. 28 was taken using the same electrode configura

tion except that the large skeleton cap was put in place of the 
small one used for Fig. 27. The position of the cylinders was 
adjusted with the same objects in view as for the previous 
diagram. 

The distribution of potential between the various artificial 
equipotential surfaces starting from the ground shield will be 
seen to be as follows: 
(See Diagram, Fig. 28). 

I. —Number of lines 6.5 

Average gradient >̂ ̂ ^ n 6 S = 2.13 
fe fe 3.05cm. 

II. —Number of lines 7. 
7. lines ^ 

Average gradient 3"94^cm. = 

III.—Number of lines 7.5 

Average gradient 3 9^cm. = 1 9 0 

IV.—Number of lines 6. 

Average gradient o - 7 ^ ~ ~ — = 1.69 
fe b 3.55 cm. 

V. —Number of lines 10 
10 
3.82 cm Average gradient = 2 . 6 2 
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VI.—Number of lines 13 

Average gradient 13 lines _ g ^ 
2.16 cm. 

As before, no attempt was made to obtain a low gradient inside 
of the small last cylinder as it was contemplated using this 
equipotential surface for the rod with cap, as in the previous case. 

The capacities of the adjacent cylinders considered as con
centric cylinder condensers, starting from the ground shield, 
are as follows: 

r _ mean height _ - . . t, ^ . _ ~ +. ̂  _ 1 _ 
1- ^ —

 — 1 i 7^ — n — l O O 
r 

I I . - C proportional to i o g f i , 2 7

 = 07239 = 1 3 8 

III.— " " " , 5 1 = = 148 

24.9 cm. 24.9 
log e 1.17 0.157 

32.8 cm. 32.8 
log, 1.27 0.239 

51 cm. 51. 
log, 1.41 0.344 

73 cm. 73 
log, 1.56 0.445 

86 cm. 86 
log, 2.5 0.916 

99 cm. 99 
log, 6.7 1.90 

T V " " " _ _ ^ L _ 1 ^ _ = %XJ = 164 
1 V ' loge 1.56 0.445 
V — " " " 86 cm. ^ 86 _ 

loge 2.5 0.916 

V T — " » - 9 9 C m - = = ^ 2 
loge 6.7 1.90 

As in the previous case, caution should be urged against hasty 
conclusions drawn from the above capacity values, for in this 
case also an entirely different adjustment would be possible in 
which the magnitudes and interrelations between the capacities 
would have very different values. 

In designing a bushing from this diagram we might select 
equipotential surface No. 38 for the rod with cap and equipo
tential surface No. 0 for the plane with ground shield. A straight 
cylindrical shell would be added enclosing the central core and 
the ground shield. The resulting distribution of the potential 
on the air end of such a bushing would be approximately uniform. 
Under these conditions corona would start at the cap on the 
air end at about 440 kv. effective which gives an average gradi
ent along the surface of 7.75 kv. effective per cm. 

The tests made on glass cylinders in a uniform field in which 
the surface breakdown gradient was found to be about 9.2 kv. 
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per cm. indicate that the air end of this bushing is about as 
short as practical assuming good surface conditions. A shell 
would also be added to the under-oil end of the bushing enclos
ing the ground shield. Inspection of the under-oil end shows a 
concentration of the field about the cap. Also in view of the 
under oil arc-over tests on glass cylinders and hard rubber 
it looks as if the under-oil end is about as short as possible. 
The diameter of this bushing is evidently larger than necessary to 
withstand puncture as will be readily seen by comparing the 
thickness of insulation used with that found in practise to be 
necessary.26 It will also be observed that the ratio of external 
diameter to rod diameter as used in practise is considerably 
less than that used for these preliminary experiments where it 
was about 8, if we take the inner equalizer as our rod with caps. 
For example, the ratio between outside diameter to rod diameter 
varies in practise between 2.3 and 3.7. With these relatively 
small diameter ratios the gradient without artificial equipoten
tial surfaces would not be very far from uniform to start with 
(see diagram, Fig. 10). There is, therefore, very little potential 
equalizing to do. In our tests, however, we have taken a ratio 

of about 8, which means that we have an exaggerated con
dition and considerable equalizing to do. 

This immediately brings up the question as to. whether the 
small diameters of the condenser bushings is due to the equaliz
ing effect of the tin-foil layers in bringing about uniform poten
tial gradient, or whether the effect is not largely due to the sub
division of the solid material by metallic barriers as well as 
the laminated structure of the dielectric itself, thereby increasing 
the apparent strength of the structure, (an effect analogous to 
the use of solid barriers, pressboard, etc.) in liquid dielectrics. 
This matter will be briefly discussed before leaving the subject. 

It should be observed that there is no definite proper ratio 
between the diameters of the central rod and the hole when 
artificial equipotential surfaces are used in this manner. It 
is, however, undesirable to use too small a central electrode 
because this means that more redistribution of stress has 
to be brought about by the artificial equipotential sur
faces. This in general necessitates either too long a bushing or 
an excessive stress at the ends. If we select a ratio of rod to 
hole diameter which gives more nearly equal gradient at the 

26. See "Construction and Application of the Condenser Terminal", 
by J. E. Mateer, Electrical Journal, August, 1913. 



1917] RICE: ELECTROSTATIC PROBLEMS 837 

edge of the hole and rod without artificial equipotential surfaces, 
we will have less potential equalizing to do which will probably 
be found advantageous. 

E X P E R I M E N T A L B U S H I N G W I T H A R T I F I C I A L E Q U I P O T E N T I A L S U R 

F A C E S , U N I F O R M - F I E L D T Y P E 

A bushing of the uniform-field type was built from a photo
graphic reduction of Fig. 28 . It has been pointed out that 

0 1 2 3 4 5 6 7 8 9 10 
i— i—i i i i i—i—i—l—i—i . — •—j-. 

_Scale in Centimeters 

4 5 6 7 8 10 12 16 2024 32 40 50 i 
, i — r i 

F I G . 29 

in taking the diagram the artificial equipotential surfaces 
were adjusted so as to give an approximately uniform distribu
tion of stress in the solid or supporting dielectric, while at the 
same time we attempted to produce as good an external field 
distribution as could be foreseen before the diagram was actually 
completed. 

Fig. 29 shows the outline of the bushing drawn on the 
diagram of Fig. 28. The electrodes were not made to rigorously 
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conform to any of the equipotential surfaces in the diagram as it 
did not seem necessary to do so, since the field will probably 
not be greatly changed by the deviations made. A groove was 
put in the cap on the air end to electrostatically shield the 
joint between the supporting dielectric and the air. The con
denser core of the bushing was made of wound-up shellac paper 
with tin-foil layers at intervals of 1/16 in. It was turned 
down to the shape shown in Fig. 29 and then stepped off as 
will be seen from the photograph Fig. 30. 

A shellac paper cylinder enclosed the air end of. the bushing 
and the shell for the under-oil end was built up of hard-rubber 
rings. Sarco, an asphaltic compound, was used as filler. 

A rc Over Voltage as Calculated from the Diagram 
An inspection of Fig. 29 will show that the gradient on the air 

end is very nearly parallel to the surface of the containing 
cylinder and is approximately uniformly distributed being some
what higher near the top. The maximum gradient on the air 
end is seen to be on the cap away from the surface. Under these 
conditions corona should start on the cap at about 90 kv. effective 
as calculated from the diagram making allowance for the fact 
that the cap used did not rigorously conform to any single equi
potential surface of the diagram. The bushing is 15 cm. high 
and therefore the average gradient along the surface would be 
6.7 kv. eff. per cm. 

Inspection of the under-oil end shows that a concentration of 
stress has resulted on the cap from forcing the uniform internal 
stress by the artificial equipotential surfaces. The distance be
tween lines No. 22 and 28 (6 lines) where the under-oil shell 
meets the cap is 0.8 cm. thus we have 7.5 lines per cm. 
Tests on the under-oil arc-over of rubber cylinders between par
allel planes gave a surface arc-over gradient of about 23 kv. 
effective per cm. Assuming this data to apply in this case arc-
over of the under oil end of the bushing should take place at 

about - ~ V X 23 = 92 kv. effective. 
7.5 

It will be observed from these calculations that the air and 
under-oil ends are about equally strong. Before the tests were 
made it was therefore doubtful which end would arc-over first 
as the calculations are necessarily only approximate, since we 
have not actually followed the equipotential surfaces of the 
diagram. 
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Sixty Cycle Dry Arc-Over Tests 
These tests were made with the plane grounded : 

Arc over voltage 86 kv. 
Average gradient along surface 5.7 k^ 

86 kv. effective 
5.7 kv. per cm. 

Arc-over took place clear of the surface from the cap to the 
plane. Upon applying the voltage for the third time the bushing 
apparently punctured either inside of the shell or under oil at 
76 kv. effective. Inspection did not indicate an under-oil arc-
over and therefore the bushing had to be taken to pieces in order 
to determine the cause of failure. This process necessitated 
destroying the bushing as it is difficult to get the compound out 
in any other way. The investigation showed that the result of 
failure was due to an arc-over of the bushing on the air end along 
the inside surface of the containing shell. A large blister about 
1}^2 in. (4 cm.) long was found at this point which had held the 
compound away from the surface and thus left an air pocket 
which weakened the inside surface and resulted in the failure. 

I was disappointed not to be able to obtain wet arc-over, 
impulse arc-over and under oil arc-over, but did not believe that 
these results would warrant rebuilding a bushing of this sort for 
it is quite certain that the results would be low, for the same 
reasons which were met with in the tests on the high-air-efflciency 
bushing and from which it was concluded that a more nearly 
radial type of field is generally desirable in practise. 

A reference to Fig. 10, will show that in the radial-field 
type of bushing the natural equipotential surfaces are ap
proximately cylindrical in form and therefore it will be 
impossible to produce any considerable change in the potential 
distribution by means of cylindrical artificial equipotential sur
faces, unless they extend to a great distance in the air end, or 
unless a cap or hat, or the equivalent, is provided on the under-
oil end, which changes the natural equipotential surfaces from 
the cylindrical form, and therefore, allows us to bring about a 
change in potential distribution by inserting cylindrical artificial 
equipotential surfaces. That is, if our inserted metal equipoten
tial surfaces do not differ in form from the naturally existing 
equipotential surfaces no effect in the potential distribution 
results from their insertion, regardless of number, spacing, etc. 
It is, therefore, useless to employ them unless they produce an 
effective increase in the apparent strength of the solid or support
ing dielectric by virtue of a subdivision of the dielectric into 
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elements. The following preliminary tests were, therefore, 
undertaken to check up this point. 

E F F E C T O F B A R R I E R S O N S T R E N G T H O F I N S U L A T I O N 

It is well known that the strength of dielectrics decrease with 
increase in thickness. I believe that Lord Kelvin was the first 
to observe this effect for the case of air27 in 1860. 

For example, assume that we have two parallel plane elec
trodes with such a gradual curvature at the edges that the 
gradient is always less at the edges than that in the uniform 
part of the field. If we then take measurements of the voltage 
required to breakdown various thicknesses of air, we find that 
the apparent strength of air as determined by the potential 
gradient necessary to cause breakdown decreases as we increase 
the spacing of the planes. At exceedingly small spacings the 
potential gradient required to produce breakdown may be very 
great, for example, tests recently made by F. W. Peek, Jr.,28 using 
2 . 5 4 cm. diam. spheres at 0 . 0 0 3 5 cm. spacing gave as the dis
ruptive gradient 1 5 0 kv. effective per cm. As we increase the 
spacing the breakdown gradient for air apparently approaches a 
constant value of approximately 21 kv. effective per cm. at 
normal temperature and pressure. 

De La Rue and Muller investigated this effect29 for various 
spacings of parallel plane electrodes at constant pressure and 
temperature as well as the variation under constant spacing and 
varying pressure and concluded that, "The law of the hyperbola 
holds equally well for a constant pressure and varying distance 
as it does for a constant distance and varying pressure; the 
obstacle in the way of a discharge being as the number of mole
cules intervening between the terminals up to a certain point." 
Harris30 had previously found that a change in air density pro-

2 4 . Measurement of the electromotive force required to produce a 
spark in air between parallel metal plates at different distances. Pro
ceedings Roya l Society, Feb. 2 3 and April 1 2 , 1 8 6 0 , or Philosophical 
Magazine, 1 8 6 0 , or Papers on Electrostatics and Magnetism, p . 2 4 7 - 2 5 9 
Lord Kelvin. An account of these tests will also be found in, Electricity 
in Gases, J. S. Townsend, p . 3 4 6 . 

2 8 . Law of Corona and Dielectric Strength of Air, I I I . , F. W . Peek, 
Jr., A . I . E. E., T R A N S . , 1 9 1 3 , Vol . X X X I I , Part I I , p . 1 7 6 7 . 

2 9 . Experimental Researches on the Electric Discharge with the 
Chloride of Silver Battery. Phil. Trans. Royal Society, Part I , 1 8 8 0 , 
p. 7 9 - 8 3 . 

3 0 . W . S. Harris, Phil. Trans. Royal Society, 1 8 3 4 , p . 2 3 0 . 



P L A T E L X X I V . 

A . I . E E . 

V O L . X X X V I , N O . 1 1 

Fir.. 30 [RICE] 





1917] RICE: ELECTROSTATIC PROBLEMS 841 

duced the same effect whether due to temperature or pressure, 
that is, when air is contained in an air-tight receiver, so that the 
density remains constant the potential difference between two 
electrodes required to produce a discharge was unaltered when 
the temperature varied from 50 deg. fahr. to 300 deg. fahr. 

If we immersed our electrodes in oil we would obtain a similarly 
shaped curve showing the relation between the disruptive 
gradient and spacing. The constants in the equations for air 
and oil would probably, however, be different. Again if we 
imagine our parallel plane electrodes embedded in some solid 
dielectric, for example glass, we would obtain a similarly shaped 
curve. For very great and very small spacings it is quite possible 
that all materials have the same apparent strength. 

Now, if we assume that our dielectric is homogeneous and 
isotropic and is a perfect dielectric in every respect (no conduc
tion, dielectric losses, etc.,) the equipotential surfaces for equal 
differences of potential would be equally spaced between our 
parallel planes. If we desired we could put in infinitely thin 
conducting sheets at any desired intervals without in any way 
changing the problem from a purely electrostatic point of view. 
For convenience we could space them at equal intervals so that 
the dielectric between any two adjacent metal equipotential 
surfaces between the planes was subjected to the same potential 
gradient. If we wished we could also metallically connect the 
inserted metal sheets to equal intervals on a balancing resistance 
shunted across our parallel plane electrodes, that is, connect the 
equipotential surfaces to a source of potential having the value 
naturally existing. Obviously nothing has been changed elec
trostatically by any of these processes and therefore it is evident 
that we can confine our attention to the dielectric included 
between any two equipotential surfaces, and if we now raise the 
potential between our parallel plane electrodes the potential 
gradient on the dielectric between the two equipotential surfaces 
which we have selected to watch will increase until finally break
down will occur when the gradient exceeds a certain value called 
the strength of the material. It is observed that nothing has 
been said about the actual thickness of the section of the dielec
tric between our two metal equipotential surfaces under observa
tion. In other words, we might in one case insert a great number 
of equipotential surfaces dividing the dielectric into exceedingly 
thin layers and in another case use fewer metallic surfaces and 
have thicker insulation under observation. When considering 
ideal dielectrics from a purely electrostatic point of view, as here 
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described, I think that it is clear, that the actual thickness of the 
dielectric should have no influence upon the breakdown strength. 
For it should not make any difference whether we inserted 
isolated thin metal equipotential surfaces or left them out or 
inserted them and connected them to a proper source of potential. 
Nothing that we could detect from a purely electrostatic view 
point has been changed. It is also interesting to observe that a 
uniform leakage current should not affect these conclusions 
provided the heating effects were taken care of, since the equipo
tential surfaces for current flow would coincide with the elec
trostatic equipotential surfaces and no potential distortion would 
result. 

The fact that we observe a difference 
in the apparent strength of dielectrics 
with different thicknesses, which is 
contrary to the above electrostatic 
reasoning, based on the assumption that 
the metal equipotential surfaces could 
be inserted without changing the break
down strength, makes it interesting to 
determine what does take place in 
practise when a dielectric is divided up 
in this manner. Obviously when we con
sider the case of the metallic equi
potential surfaces connected to the 
proper sources of potential, the break
down strength must be the same for a given spacing between 
the surfaces or thickness of dielectric, no matter how many 
are connected in series, or what is the same thing, regard
less of the total thickness of insulation under test, for each 
element forms a separate test piece isolated between the two 
metal surfaces and connected to a definite potential. The inter
esting thing therefore is a comparison of the dielectric strength 
of a given thickness of insulation with and without isolated 
metallic barriers placed at various spacings. 

I am sorry that the experimental results, which I have to 
offer, are so crude and incomplete, but if they will serve the pur
pose of starting some one on a more complete investigation of 
this subject I will regard them as having served a good purpose. 
I believe that a complete investigation of this subject would 
lead to a great deal better understanding of the true mechanism 
of the breakdown of insulations, or the theory of ionization by 

" Metal Barriers (5 Discs) 
" ' P r e s s b o a r d n ( 9 x l 2 ) " 

F I G . 3 1 — A R R A N G E M E N T 

OF PRESSBOARD AND 

BARRIERS 
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collision which of course offers a qualitative explanation of the 
phenomena. 

T E S T S T O D E T E R M I N E T H E E F F E C T O F B A R R I E R S O N S O L I D A N D 

G A S E O U S I N S U L A T I O N U N D E R U N I F O R M F I E L D C O N D I T I O N S 

The first set of tests recorded below in Table I were made on 
sheets of oiled pressboard 1 / 1 6 in. ( 0 . 1 6 cm.) thick. The barriers 
and pressboard were sealed together under No. 6 transil oil and 
then placed between the parallel • plane electrodes as shown in 
Fig. 3 1 , the whole then being immersed under No. 6 transil oil 
at 2 5 deg. cent, for test. 

The object of using solid metal barriers and comparing their 
effect with wire-gauze barriers was to see whether the mean 
velocity of the particles or ions in the solid dielectric, which 
must precede rupture, was sufficiently high to allow an appre
ciable number, to pass through the openings in the gauze, 
whereas they should all be stopped by a metal sheet. Elec
trostatically the gauze should not be essentially different from 
the solid metal sheet. 

T A B L E I 

Instantaneous 60-cycle puncture tests in No. 6 transil oil at 25 deg. cent, on dried 1/16 in. 
oiled pressboard. The average of 5 readings are given. A maximum variation of ± 2 kv. 

existed between individual raedings. 

No. of sheets 
of pressboard each 

0.16 cm. thick 

60-cycle puncture 
kv. effective 

Average gradient 
kv. eff. per cm. 

Number of isolated 
barriers. 

1 70.5 445.0 no barriers 
2 113.0 355.0 
3 164.5 345.0 « 

2 117.0 368.0 1 tin barrier 
2 124.0 390.0 Fine copper gauze 
2 121 .0 380.0 Coarse copper gauze 

The points of puncture were well distributed over the surface 
of the insulation and in no cases occurred at the edge of the 
barriers. Contrary to the expectation the gauze barrier seems 
to be more effective than the tin barrier but the tests are so 
fragmentary that conclusions are not safely drawn. If, we 
attempted to use larger thicknesses arc-over occurred around the 
edge of the pressboard before puncture. A more satisfactory 
method of test was, therefore, sought. The method decided upon 
consisted in setting up a series of parallel plane electrodes as 
shown in Fig. 3 2 , the sheet insulation being placed between the 
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several electrodes in series. Thus, each pair of electrodes which 
are connected together may be considered as a barrier. It is also 
possible, under these conditions, to have the barriers isolated or 
connected across a proper balancing resistance. An additional 
barrier can be placed midway between each pair of electrodes 
without fear of distorting the field. 

}Z2 Mil Metal Barrier 10"Sq. 
/Insulation 

r l i 

UN 
F I G . 3 2 

A great difficulty with this method is the unbalancing of stress 
which the capacity or electrostatic flux to ground of the various 
electrodes will introduce. It was hoped that possibly this effect 
would not be appreciable when using fairly high inductive 
capacity material for the tests, as the capacity between the 

Air Gap 

r v i [ \ n n n 

UK] 

R R R R 
Balanced Water Tube Resistances 

To Transformer . 

R-Balancing Resistance 
r-Protective Resistance 

F I G . 3 3 

electrodes proper would then be large in comparison with that to 
ground. A few tests made with one end of the series grounded 
and compared with the case in which the electrodes were isolated, 
in which case the neutral or ground potential would be in the 
middle of the series, shows a rather large effect which means that 
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the isolated tests are subject to voltage distortion from this cause 
though to a less extent than when one end was grounded. 

Fig. 32 shows the arrangement of barriers and insulation for 
four and eight isolated barriers respectively. When it was desired 
to metallically connect the barriers to the proper potential, water 
tube resistances were used of such a value as to allow 7 to 10 
times the capacity current to flow (see Fig. 33). The maximum 
variation of the individual resistance tubes was about 2 per cent. 
The apparatus was placed at about 42 in. above the floor of the 
room and the gap line parallel to the ground. The tests were 
made in No. 6 transil oil (40 kv. flat electrodes 0.2 in. (0.51 cm.) 
gap, 0.5 in. (1.27 cm.) diameter) at 25 deg. cent. 

The insulation used was 12 mil black varnished cambric the 
individual sheets being sealed to each other under oil. When the 
balancing or shunted resistance was connected the voltage 
readings were corrected for the drop in the protecting resistances. 
The results are tabulated in Table II. 

T A B L E II 

Instantaneous 60-cycle tests on 12-mil black varnished cambric immersed in No. 6 transil 

oil at 25 deg. cent. Terminals 4 in. plane with 2 in. radius at edge. Individual readings 

differed by =*= 1 kv. 

Variation of Insulation Strength with thickness or number of layers. 

Average of five readings 

Using one pair of planes 

No. of sheets Total thickness 60-cycle kv. Kv. per cm. 
insulation cm. effective effective 

.1 0.031. 16.5 540.0 
2 0.061 29.7 480.0 
4 0.122 51.5 422.0 
8 0.244 92.5 378.0 

16 0.488 138.3 284.0 

Data repeated using four pair of planes connected in parallel to obtain the effective 
strength when larger areas are used and therefore greater chances for weak spots. 

Average of two readings. 

1 0.031 14 7 482 0 
2 0.061 28 5 451 0 
4 0.122 51 3 421 0 
8 0.244 91 7 376 0 

16 0.488 136 5 280 0 
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Effect of Isolated Barriers on Puncture Strength of Insulation. 

Total 
thickness 
insulation 

under 
test cm. 

Thickness 
between 
barriers 

cm. 

Non-Grounded 
One End 

Giounded 

Condition 
of test 

Total 
thickness 
insulation 

under 
test cm. 

Thickness 
between 
barriers 

cm. Puncture 
kv. eff. 

Kv . / cm. K v . / c m . 
roughly 

corrected 

Puncture 
kv. eff. 

Kv . / cm. 

2 sheets be
tween each of 
4 planes in 
series 

0.244 0.061 106.8 438.0 521.0 86.8 355.0 

1 sheet be
tween each of 
8 barriers in 
series 

0.244 0.031 105.8 434.0 516.0 

4 sheets be
tween each of 
4 barriers in 
series. 

0.488 0.122 168.5 345.0 411.0 

Effect of Barriers when Shunted by-
High Resistance on the Puncture Strength 

of Sheet Insulation 

2 sheets be
tween each of 
4 barriers in 
series. Each 
unit shunted 
by 8 X 10 5 

ohms. 

0.244 0.061 112.6 462.0 433.0 98.1 403.0 

1 sheet be
tween each of 
8 barriers in 
series. Each 
unit shunted 
4 X 10 5 ohms 

0.244 0.031 110.0. 452.0 

4 sheets be
tween each of 
4 barriers in 
series. Each 
unit shunted 
8 X 10 6 ohms 

0.488* 0.122 195.8 402.0 

In order to obtain an estimate of the unbalancing due to the 
capacity of the parallel planes to ground in this method of deter
mining the effect of barriers on the strength of insulation the 
following tests were carried out using air as the dielectric. Two 
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sets of tests were tried, the first using }4 in- (1.27 cm.) spacing 
between the individual planes and for the second 34 in. (0.635 cm.) 
gap was used. The gaps between the individual pairs of planes 
were set as accurately as feasible and individual spark-over read
ings taken non-grounded and with one end grounded. The gaps 
were then all connected in multiple to check the .strength of this 
combination as compared with the weakest gap. After doing 
this they were connected in series and arc-over taken both 
grounded and isolated with and without shunted balancing 
resistance. A summary of the data is given in Table III. 

From other sources we know that the strength of air for large 
spacings (i. e., 2 in. or 5.1 cm.) between parallel planes is about 
21 kv. eff. per cm. Whereas these data show an average of 18.1 
kv. eff. per cm. when the tests were made nongrounded and 14.2 
kv. eff. per cm. for the grounded case. That is, when using air 
as our dielectric with this arrangement we have an increase in 

18 1 
stress of 1 ^—- = 1 4 per cent brought about by unbalance of 

voltage due to capacity to ground, etc. When operating with 
14 2 

one side grounded we have 1 ^J" = 32 P E R c e n t o r approxi
mately twice the ill effect. 

This immediately gives us a rough method of correcting the 
previous tests for this unbalancing effect where no balancing 
resistance was used. We may write the following from the data 
given in the table for isolated barriers. 

438 
1 = per cent apparent decrease in strength of insulation 

x assumed due to capacity to ground for the non-
grounded tests. 

355 
1 — = per cent apparent decrease in strength of insulation 

x for grounded tests. 
Where 

x = assumed true strength of the material. 

If we further assume that the apparent decrease for the grounded 
tests is twice the decrease for the non-grounded tests as shown to 
be approximately the case in air, we can write 

>('-*r)-('-x) 
x = 521 assumed true strength of the material, 



T A B L E I I I 
K - I N C H GAP 

Relative Humidity 40 per cent. Bar. 76 cm. Temp. 25 deg. cent. 

Condition of test 
Non-Grounded Grounded 

Condition of test 

60-cycle 
kv. eff. 

K v . / c m . 
eff. 

60-cycle 
kv. eff. 

K v . / c m . 
eff. 

Gap 1 £ in. 
2 
3 
4 

26.3 
26.3 
26.5 
26.4 

26.3 
26.3 
26.4 
26.4 

Ave. 26.4 20.8 26.4 20.8 

Pour gaps in multiple.. 26.3 20.7 26.3 20.7 

Four gaps in series. 87.5 17.2 69.5 13.5 

Four gaps in series 
each shunted by 
7 X 10 5 ohms 106.0 20.8 106.0 20.8 

Temp. 20 deg. cent 
INCH GAP 

Bar. 76 cm. = 1.00 

Condition of test 
Non-Grounded Grounded 

Condition of test 
60-cycle 

kv. eff. 
K v . / c m . 

eff. 
60-cycle 
kv. eff. 

K v . / c m . 
eff. 

Gap 1 % in. 
2 
3 
4 

13.9 
14.1 
13.8 
13.9 

22.0 
22.2 
21.8 
22.0 14.0 22.1 

Average 13.9 22.0 

Four gaps in multiple 
(arc-over No. 3 ) . . . 13.8 21.8 

Four gaps in series. 48.5 19.0 38.0 15.0 

Four gaps in series 
each shunted by 
8.5 X 10 5 ohms with 
1.4 X 10 5 protec
tive resistance 52.0 20.5 51.0 20.1 

Averaging the data for K in. and } 4 in. spacings. 

Four gaps in multiple 21.2 

Four gaps in series. 18.1 14.2 

Four gaps in series 
each shunted by 
resistance 20.7 20.4 



1 9 1 7 ] RICE: ELECTROSTATIC PROBLEMS 849 

The strength as indicated from the tests was 438 kv. effective per 
cm. or only 84 per cent of the value obtained after applying this 
rough method of correction. I have also applied the same correc
tion factor to the rest of the values in this part of the table. We 
might consider the corrected column as an upper limit and the 
data as observed from test as a lower limit to the true value. In 
that case the average of these two columns would give another 
estimate of the strength as affected by barriers. 

When considering the tests using air dielectric in which bal
ancing resistances were used we see that the stress due to capacity 
to ground is practically eliminated. It should also be noted 
from these tests that there is no appreciable increase in stress 
analogous to that which has been discussed for the case of 
two spheres in space where it was seen that even though 
there is no potential unbalance between the spheres, there is 
nevertheless considerable increase in stress when one sphere is at 
zero potential and the other at a given high potential, over the 
case in which they are both isolated and have the same difference 
of potential between them. 

Therefore, it would seem that the best method of estimating 
the true strength of the insulation when balancing resistances 
are used is to average directly the non-grounded tests with the 
grounded tests. The data obtained is not sufficiently exten
sive to enable us to see whether there is a real difference between 
these two cases or not. 

T A B L E I V 

AVERAGE OF DATA 

Thickness 
of insulation 
No barriers, 

cm. 

Thickness 
of insulation 

between barriers, 
cm. 

Average strength 
of material 
No barriers. 
Kv. eff./cm. 

Strength of 
material with 

barriers average 
isolated and shunted 

kv. eff./cm. 

0.031 0.031 511 467 

0.061 0.061 466 464 

0.122 0.122 422 386 

In conclusion it appears probable from a theoretical point of 
view that the strength of insulation under uniform field condi
tions is the same whether the barriers are isolated or connected 
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metallically to the proper sources of potential and also that the 
strength merely depends upon the thickness of the material 
between'the barriers. The averages, as given in the above 
table, do not warrant the above conclusions, but I am inclined 
to believe that the discrepancy is due to insufficient data and 
errors in the method. I hope, therefore, that someone will 
take up the subject and make a careful study of this important 
theoretical and also practical problem. 

Another interesting question would be to determine the 
limiting value of the electrostatic flux density which would 
result in excessive heating, and therefore, breakdown irrespec
tive of the so-called ''instantaneous strength" of the structure. 
The effect of metal barriers in distributing the heating, eddy-
current lusses in the metal barriers due to electromagnetic flux 
accompanying the charging current, etc., would also be of in
terest. 

G E N E R A L D I S C U S S I O N O F T H E P R O B L E M O F H I G H V O L T A G E -

B U S H I N G D E S I G N 

So far we have considered the problem of high-voltage-bushing 
design mainly from an ideal and purely electrostatic point of 
view, that is, we have greatly simplified the problem by assum
ing ideal or perfect dielectrics and a constant or static condi
tion of the equipotential surfaces. These conditions do not 
however, actually exist in practise, and therefore, the effects 
brought about by rain, dirt, snow, steep wave front impulses 
must be considered in a complete theory of the correct and 
most effcient design. 

For example, under rain conditions the equipotential surfaces 
are in a general constantly changing and will be different from 
the dry condition. There is probably also a certain space or 
volume charge effect due to the rain drops becoming charged 
from contact with the high potential electrodes and then fall
ing in the vicinity of the bushing to the grounded electrode. 
Furthermore, a considerable change in the electrostatic field 
may be brought about by an effective increase in the permit
tivity of the air part of the dielectric due to the presence of 
small rain drops. The problem is further complicated by the 
presence of conduction over wet or dirty surfaces with the 
consequent change in the potential distribution as well as the 
possibility of an arc-over resulting from what might be called 
fuse action that is, the conducting material may become over-
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heated by conduction and blow like a fuse and thus precipitate 
an arc-over along the path of the hot gases. 

There are a great many other disturbing factors and possi
bilities which have not been mentioned, but I believe that the 
above are sufficient to show the multitude of factors over which 
the designer can have no contraband which, therefore, must be in
cluded in the theoretically correct and most efficient bushing 
design. 

We have already observed the large surface effect which 
exists even with relatively clean dry surfaces, also the change 
in the dielectric strength of materials when subdivided into 
thin layers by metal barriers and probably, to some extent, 
merely by laminating the material. 

It might appear from what has been said about the complexity 
of the problem that it is beyond the power of analysis to try to 
obtain a complete theory of bushing design. Strictly speaking, 
I believe that this is the case, nevertheless, I believe that the 
incomplete theory which we have is of great value in determin
ing the proper lines along, which to experiment. 

We will now briefly describe the construction and tests on 
a series of small experimental bushings which were built for the 
purpose of determing the rain and dry characteristics of va
rious types. 

The object was to determine the general type of bushing 
which would best meet the following conditions. 

I. Rain and dry arc-over should have as nearly as possible 
the same value. 

II. The arc-over of the under-oil end should be consider
ably above either the rain or dry-air end arc-over. 

III. Puncture should occur considerably above the under-
oil arc-over. 

IV. The impulse safety factor or ratio should be as high as 
possible, both under wet and dry conditions and application 

of a large number of impulses should not result in puncture. 
The materials used in the construction of these bushings were 

selected from the point of view of ease of construction and al
terations. The caps used on the air and oil ends were turned 
up of wood and metal covered by the Schoop metal spraying 
process. After completing the tests with a certain shape of 
cap it could be put in a lathe and altered in the desired manner 
and then re-metallized. Hard rubber was selected as the mate
rial for the core since it can be readily machined to any desired 
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form; for example, the necessary protection of the edges of the 
ground shield was easily obtained (see Fig. 34). This material 
also has other desirable qualities such as homogeneity, high 
dielectric strength, small surface effect. 

A single glass tube was used for the containing shell in order to 
eliminate the difficulty of making oil tight joints. The only joints 
being that at the lower cap which was satisfactorily sealed with 
ceresine. A glass seal was provided by which connection was 
easily made between the ground shield and the tin disc which 

F I G . 3 4 F I G . 3 5 

represents the transformer tank cover. For convenience, a 
transparent Russian mineral oil was used as filler. During 
tests the under-oil end was placed in a 5-gallon tin can filled 
with oil, having dimensions 9 in. by 9 in. by 14 in. high. All 
tests were made at 60 cycles and with the tin can and tin 
disc connected together and grounded. 

Determinatoin of Puncture and Under-Oil Arc-Over 
This series of tests were made to determine the under-oil 

and puncture characteristics of the bushings. 
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Bushing No. 1. A bushing was built up as shown to scale 
in Fig. 34. The joints between the glass containing cylin
der and the metal caps were shielded by the grooves as 
shown. The joint between the hard-rubber core and cap on the 
under-oil end was likewise protected. The electrostatic field of 
the under-oil end is practically of the uniform-field type (Fig. 14), 
the desirability of which has been pointed out. The air end is 
essentially the radial-field type. 

In test this bushing punctured at 65 kv. effective at the point 
shown in Fig. 34. After sawing the core open longitudinally, 
inspection showed that the hole had not been smoothly drilled 
which may have accounted for the puncture, as the space thus 
left between the rod and core may not have been properly filled 
with oil. 

Bushing No. 2. (See Fig. 35). The core was increased to 13^ 
in. (3.8 cm.) external diameter so as to insure a safe margin 
against puncture. As an additional precaution a brass tube 
closed at the bottom end and having small holes drilled radially 
at intervals inside the core was used in place of the brass rod used 
in Bushing No. 1. The object being to enable oil poured in at 
the top of the tube to fill up any irregularities resulting from 
imperfect fit between the core and central rod. 

In test this bushing arced over along the surface of the hard 
rubber and jumped to the inner guard ring on the cap at 94 kv. 
effective. Small chips were taken out of the rubber at the point 
shown in Fig. No. 35, apparently where the surface arc turned 
to jump to the guard ring. 

Bushing No. 2-A. Bushing No. 2 was disassembled and the 
inner guard ring cut down to the shape shown by the dotted lines 
in Fig. 35. In assembly the core was inverted putting the 
damaged part toward the air end of the bushing, bringing the 
new end under test. 

Arc-over occurred over the surface of the hard rubber core on 
the under-oil end without pitting the surface at 93.5 kv. effective. 
The voltage was then brought up again and arc-over occurred 
over the surface of the hard-rubber core on the air end to the 
previously damaged spots and there punctured to the rod at 82.5 
kv. 

Bushing No. 3. (See Fig. 36). The hard-rubber core, which 
had been damaged by the previous tests, was turned down to 
the form shown in Fig. 36, thereby removing the damaged 
material. The under-oil end cap was also altered to a form 
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approximately as shown. Practically the only electrostatic 
change made by this alteration was to somewhat reduce the 
shielding effect of the cap on the hard rubber core. The air end 
was also materially shortened. 

This bushing arced-over the air end at 81 kv. Upon bringing 
up the voltage a second time arc-over occurred over the surface 
of the hard-rubber core on the under-oil end without damaging 
the core at 86.5 kv. effective. 

Determination of the Air-End Characteristics 

Having secured a fairly efficient and satisfactory under oil end 
the work was then directed towards a study of the rain and dry 
characteristics of various air-end combinations. 

Further Tests on Bushing No. 3. (See Fig. 36.)Temp. 24 deg. 
cent. Barometer 76 cm. Humidity 57 per cent. 
Bushing Dry 

Corona visible air end near ground shield 41 kv. 
Corona visible on cap of air end 59 kv. 
Bushing outlined air end 87 kv. 

Arc-over was not taken. 

FIG. 3 6 FIG. 3 7 
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This bushing is obviously unsatisfactory because of the low 
corona starting points both wet and dry and the very low rain 
arc-over. 

Bushing No. A. (See Fig. 37). This bushing was similar to No. 
3 except that the metal cap at the top was replaced by a rubber 
stopper covered with paraffme. The object being to make the 
field on the air end as nearly radial as possible. 

Summary of Tests on Bushing No. 4 
Temp. 23.5 deg. cent. Barometer 76 cm. Hum. 50 per cent. 
Bushing Dry 

Corona starts near ground shield 35 kv. 
Corona at top and bottom 60 kv. 
Voltage raised without arc-over to 85 kv. 

Rain Test about 0.2 in. per minute 45 deg. 
Corona starts top and bottom 15 kv. 
Tube outlined 17 kv. 
Vicious streamers over surface 34 kv. 
Arc-over 57 kv. 
Arc-over (paraffme removed) 55 kv. 

This bushing is unsatisfactory for the same reasons as stated 
for No. 3. 

Bushing No. 5. (See Fig. 38). This bushing was exactly 
similar to No. 4 except that the internal brass shield was added 
as shown in Fig. 38. The object of adding this element was to 
somewhat relieve the stress on the rubber stopper and paraffme 
and to throw it away from the rod at the top of the bushing. 

Summary of Tests on Bushing No. 5 
Temp. 23.5 deg. cent. Barometer 76 cm. Hum. 50 per cent. 
Bushing Dry 

Corona starts at ground shield 32 kv. 
Corona top and bottom 68 kv. 
Voltage raised without arc-over to 80 kv. 

Rain Test about 0.2 in per minute 45 deg. 
Corona starts top and bottom 18 kv. 
Arc-over 42 kv. 

This bushing is obviously unsatisfactory. 

Rain about 0.2 in. per minute at 45 deg. 
Corona starts top and bottom 10 kv. 
First streamers 16 kv. 
Whole tube outlined 20 kv. 
Arc-over 52 kv. 
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surface of glass tube 50 kv. 
Corona appears opposite guard ring on the air end . . . 77 kv. 
Arc-over 79 kv. 

Rain Test about 0.2 in. per minute 45 deg. 
Corona starts at top near tin foil 5 kv. 
Corona streamers run out from tin foil over the glass 

surface 10 kv. 
Bushing outlined 12 kv. 
Arc-over 36 kv. 

Bushing No. 6-^4. A metal cone similar to that shown in Fig. 
41 was slipped over the top of bushing No. 6 and the following 
results obtained. 
Bushing Dry 

Corona on surface of glass opposite guard ring 30 kv. 
Bushing outlined 60 kv. 
Arc-over 78 kv. 

Rain Tests approximately 0.2 in. per minute 45 deg. 
Corona starts at edge of metal cone 14 kv. 
Bushing outlined 20 kv. 
Arc-over 29 kv. 

These bushings No. 6 and No. 6-A, are seen to be unsatisfac
tory from the point of view of corona starting point and wret 
arc-over. 

Bushing No. 7. (See Fig. 40). The previous tests showed the 
necessity of breaking up the flow of water which adheres to the 
smooth glass surface and thereby produces great field distortion, 
or a sort of short circuit, or conducting sheet over the bushing. 
In order to accomplish this result the usual method of adding 
petticoats was resorted to. These were made by belling out 
glass tubing as will be seen from the figures. The petticoats were 
then slipped over the glass shell and the intervening space filled 
in with ceresine. In other respects, the bushing was exactly 
similar to No. 6. 

Bashing No. 6. (See Fig. 39). This bushing was constructed 
as shown in Fig. 39. The air end was shortened and the glass 
tube drawn down so as to get rid of the rubber stopper and 
paraffine, which gave trouble in the previous two bushings by 
carbonization and burning. The internal shield shown was used 
for the same reasons as in Bushing No. 5. 

Summary of Tests on Bushing No. 6. 
Bushing Dry 

Corona starts at ground shield and extends up the 
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From an electrostatic point of view, it will be observed that in 
the radial-field type of bushing the corrugations approximately 
coincide with the direction of the flux lines. Therefore, the 
potential gradient is along the surface of the corrugations and 
will tend to break down any surface layer of dust or dirt. For 
this reason it would appear that their effectiveness is somewhat 
limited. We may further observe from Fig. 9 that when dry the 
presence of the corrugations will not appreciably affect the field 
distribution in this type of bushing, except those which are close 
to the tank. In this latter case they are seen to introduce an 

Tape covered with Tinfoil; 

F I G . 3 8 F IG. 3 9 

appreciable percentage of high inductive capacity material in 
series with the air. Therefore, if petticoats of this kind are used 
it may be best not to extend them too near the tank. 

In the uniform-field type of bushing it will be observed that 
the petticoats introduce high inductive capacity material in 
series with the air (except in case of a vacuum bushing). This 
means that when dry the stress on the air will be increased by 
their addition. The surfaces of the corrugations will lie prac
tically along the equipotential surfaces; hence, an accumulation 
of dust, water, etc., would not result in so great a field distortion. 
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Summary of Tests on Bushing No. 7. 
Humidity 60 per cent. Barometer 76 cm. Temp. 24 deg. cent. 
Bushing Dry 

Corona on tin-foil at top of bushing 24 kv. 
Corona near ground shield 38 kv. 
Bushing outlined 60 kv. 
Streamers over the entire surface of glass . 70 kv. 

Rain Tests approximately 0.2 in. per minute 45 deg. 
Corona on tin-foil at top 26 kv. 
Corona on edge of upper petticoat 34 kv. 

F IG. 40 F IG. 41 

Corona near ground shield 50 kv. 
Corona streamers over surface 70 kv. 
Arc-over 75 kv. 

It will be observed that the addition of the petticoats has 
greatly improved the wet arc-over of the bushing. 

Bushing No. 8. (See Fig. 41 and Fig. 42). This bushing is 
identical to No. 7 except that the spun copper cone was added in 
order to act as rain shed and thereby eliminate the formation of 
streamers which went out over the top surface of the glass in the 
previous bushing No. 7. 
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This bushing is seen to be quite satisfactory from the point of 
view of wet and dry arc. 

Bushing No. 9. (See Figs. 43 and 44). For this bushing a new 
core and caps were turned up'as shown in Fig. 43; also an idea 
of the appearance can be obtained from Fig. 44 which is of a 
similar bushing. The air and oil ends were made identical except 
for the addition of petticoats to the air end. The method of 
assembly of the petticoats previously used namely to fill the 
space between the petticoats and glass shell with ceresine was 
given up. Instead the individual petticoats were cemented 
together with a sealing wax composition. The resulting petticoat 
shell was slipped over the inner containing glass cylinder and the 
space filled with a viscous compound. This made a more satis
factory scheme for assembly and disassembly. 

Summary of Tests on Bushing No. 9 
Temp. 24 deg. cent. Barometer 76 cm. Humidity 60 per cent. 

60-cycle Tests 
Bushing Dry 

Corona on edge of upper cap 51 ± 2 kv. 
Arc-over 59 ± 2 kv. 

Rain Test approximately 0.2 in. per minute 45 deg. 
Corona on edge of upper cap 24 ± 2 kv. 
Bushing outlined 42 ± 4 kv. 
Arc-over (clear of surface) 48 ± 5 kv. 

wet arc-over 
= U . o lo dry arc-over 

Impulse Tests 
200 kilocycle " B " wave 

Bushing Dry 
Arc-over (1 out of 10 impulses) 99 kv. eff. 
Arc-over (5 " " " " ) . 103 kv. eff. 

Summary of Tests on Bushing No. 8. 
Humidity 60 per cent. Barometer 76 cm. Temp. 24 deg. cent. 
Dry Tests 

Corona near ground shield 46 kv. 
Arc-over 69 kv. 

Rain Test approximately 0.2 in. per minute at 45 deg. 
Corona on edge of cone and near ground shield 36 kv. 
Bushing outlined 43 kv. 
Arc-over 69 kv. 
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Rain Test 0.2 in. per minute 45 deg. 
Arc-over (1 out of 10 impulses) 93 kv. efT. 
Arc-over (5 " " " " ) 95.3 kv. eff. 

Impulse ratio or safety factor 

Dry = | = 1.68 

Bushing No. 10. (See Figs. 45 and 46). This bushing was iden
tical to No. 9 except that the hard rubber core was moved down 
to the position shown in Fig. 45, thereby changing the type of 
field used on the upper part of the air end from the parallel field 
type to a more radial type. This bushing is shown in the photo
graph Fig. 46. 

Summary of Tests on Bushing No. 10 
60-cycle Tests 

Bushing Dry 
Corona on edge of upper cap 54 =b 4 kv. 
Arc-over (clear of surface) 64 zb 1 kv. 

F I G . 43 F I G . 45 
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Rain Test approximately 0.2 in. per minute 45 deg. 
Bushing outlined 40 ± 3 kv. 
Arc-over (clear of surface) 46 ± 2 kv. 

wet arc-over _ ^ ^ 
dry arc-over 

Impulse Tests 
200 kilocycle " B " Wave 

Bushing Dry 
Arc-over (1 out of 10 impulses) I l l kv. eff. 
Arc-over (5 " " " " ) 114 kv. eff. 

Bushing Rain approximately 0.2 in. per minute at 45 deg. 
Arc-over (1 out of 10 impulses) 104 kv. eff. 
Arc-over (5 " 1 1 " " ) 107.5 kv. eff. 

Impulse ratio or safety factor 

Rain = = 2.26 
4o 

Of this series of bushings it appears that the general form 
shown in Figs. 43 to 46 best fulfills the various requirements 
which an all around bushing has to meet. 
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APPENDIX 

M A T H E M A T I C A L S O L U T I O N O F Two E L E C T R O S T A T I C P R O B L E M S 

It is not in general possible, by known mathematical methods, 
to obtain the solution of Laplace's equation so as to fulfil ar
bitrarily given boundary conditions.3 1 If, however, we take the 
simplest conceivable electrode arrangement which would form 
the skeleton of a bushing we can obtain a mathematical solution 
for this case. The most simple electrode arrangement will be 
seen to be a fine wire passing perpendicularly through a hole in 
an infinite plane. The mathematical formulation of these 
skeleton electrodes can be obtained. Thus, for instance, we can 
formulate the equation of an infinite plane with a hole in its 
centre as the focal or limiting hyperboloid of revolution of one 
sheet. The edge of the hole will be at the focus of the hyper
boloid. We can now formulate the equation of a fine wire 
passing perpendicularly through the centre of the hole in our 
plane. It will be represented by the other limiting confocal 
hyperboloid, that is, the one which degenerates into the axis of 
revolution of the confocal family. You will readily see that we 
have thus reduced the problem to finding the distribution of the 
electrostatic field between twro confocal surfaces of the same fam
ily maintained at given potentials. In this case the equipoten
tial surfaces will be hyperboloids of revolution. 

We have thus reduced our problem to a form which can be 
treated quite simply mathematically and for which the form of 
the solution is known. 3 2 Here Maxwell states that the equipo
tential surfaces will be confocal hyperboloids of one sheet and 
the surfaces of flow will be the confocal oblate spheroids. 

The simplicity of the mathematical solution rests upon a wise 
selection of the coordinates as it does in many other problems 
of this type. For example, in dealing with cylindrical distri
butions we would employ cylindrical co-ordinates; in spherical 
distributions we would use spherical co-ordinates. 

In this case where we have to deal with surfaces formed 
by the revolution of hyperbolas about their conjugate axis 
thus forming hyperboloids of one sheet; a system of cur-

31. An extremely interesting discussion of this subject will be found 
in. Maxwell ' s Electricity and Magnetism, Vol . I Chap. V I I , page 175. 

32. See—Maxwell 's Electricity and Magnetism, Vol . I, page 235. 
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vilinear co-ordinates of a proper form are made use of. Since 
most engineers are not very familiar with their meaning and use 
I have started from the beginning and gone through the develop
ment of the system of curvilinear co-ordinates which are used in 
solving our problem. This makes the work appear rather long 
arid clumsy, but will, I believe, make the whole subject quite 
simple and clear, and is therefore justified. Assuming a famil
iarity with the system of co-ordinates, the solution is exceed
ingly simple, in fact it is practically as simple as the familiar 
solution for parallel wires at large spacing where the diameter 
of the wires is neglected. 

C U R V I L I N E A R C O - O R D I N A T E S ; C O N I C O I D S O R Q U A D R I C S U R F A C E S 

A surface whose equation is of the second degree in x, y and 
z*is called a quadric surface or conicoid. The sphere is a special 
case of such a surface. 

It is possible, by a suitable transformation of co-ordinates, to 
reduce the general equation of the second degree in x, y, and z, 
namely; 

to the following form in which the terms yz, zx and xy are all 
absent. That is, the equation can be put into the following 
simpler form; 

A 'x2 + B'y2 + Cz2 + 2 G'x + 2 H'y + 2 Vz + Kf = 0 (2) 

If in this equation the constants A', B', C are all finite, we 
can further simplify it by making a change in the origin of 
co-ordinates and obtain an equation which when referred to its 
new axis is of the form 

The locus of this equation is evidently symmetrical with 
respect to each of the co-ordinate planes, and hence with respect 
to the origin. Such surfaces are therefore called central quadric 
surfaces. 

We may now divide equation (3) through by D' and obtain 

Ax2 + By2 + Cz2 + 2 Dyz + 2 Ezx + 2 Fxy. 

+ 2Gx + 2Hy + 2Iz + K = 0 (1) 

A'x2 + B'y2 + C'z2 = D' (3) 

x2 . y . z2 

D' ^~ D' ^ D' 1 

A' ~B' C' 

(4) 
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If in (4) we substitute 

iy_ 
A' 

D 
, # 2 — — F T / , # 3 — 

iy_ 
c 

We have the familiar equation of a central quadric surface 
referred to, its principal axes, namely;3 3 

where ax, a2 and a 3 may be positive or negative. If they are all 
negative, the surface is imaginary. We will now consider the 
nature of the surfaces under the various other conditions. 

First. Suppose one of the constants ai, a2 or a 3 is negative, 
while the remaining two are positive. 

Also assume that, a, is numerically greater than b, and, b, 
greater than c, 

Substituting these values in (5) we obtain 

This particular central quadric surface will be recognized to be 
that of a hyperboloid of one sheet with conjugate axis along the 
z axis. 

This can be seen by considering the shape of the plane curves 
which results as the intersection of this solid figure with the 
reference planes, or what are generally called the principal 
sections of the surface. First take the X-Y plane, that is, the 
plane whose equation is z = 0. Substituting this value in (6) 
we obtain. 

(5) 

Thus, let a3 = — c2 

while a\ — a2 

a2 = b2 

or a > b > c 

33. Proofs of the statements made above may be found in any good 
book on Solid Analytic Geometry, for example; Solid Geometry b y 
Charles Smith,—Macmillan and Company. 
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That is, the surface is cut by the X-Y plane in the ellipse showe 
semi-axes are a and b. The foci are at a distance from the origin. 

/ = V a2 - b2 = V ai - a2 

which is seen by inspection from Fig. 1. 

Y 

b \ 1 o 
c x: 

. a 

2a Major Axis 

F I G . . 1—ELLIPSE 

with semi-axes a and c. The foci are at the distance 

/ = V a2 + c2 - V c i - a3 

on the X axis which can be seen by inspection from the values 
of the various quantities as given in Fig. 2. 

The section cut out by the Z-X plane (y — 0) is seen to be 
the hyperbola 

F I G . 2 — H Y P E R B O L A 
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The section by the Y-Z plane (x = 0) is the hyperbola 

with semi-axes b and c and foci at the distance 

/ = V b2 + c2 = V a2 - a 3 

on the F axis. 
Thus the surface defined by equation (6) is seen to be a hy-

perboloid of one sheet with the conjugate axis on the Z axis. 
If in the above equation (6) we let 

a — b the section of the surface by any 
plane parallel to the X- Y plane (plane 
z = K) is a circle. Hence, the surface 
would be formed by the revolution of 

the hyperbola-^ ^ - = 1 about its 

conjugate axis. Fig. 3 shows the form 
of the surface. 

Second. Let two of the constants au 

a2, az in equation (5) be negative. 
For example, let 

a2 = 
as = 
ai = 

- b2 

Also assume as before that a is nu
merically greater than 6and b greater than c, 

or a > b > c 

Substituting these values in (5) we obtain, 

F I G . 3 — H Y P E R B O L O I D 

OF O N E SHEET 

(7) 

and the surface is called a hyperboloid of two sheets. 
The sections by the co-ordinate planes and their focal distances 

are found as before. 

x2 _ __ _ 1 

~ b2 "J 

y2 z2 __ 
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F I G . 4 — H Y P E R B O L O I D OF REVOLUTION OF Two SHEETS 

with semi-axes a and c and focal distance 

V a2 + c2 = V ai - a3 

The section by the FZ plane (x = 0) is the imaginary ellipses 

y2 z2 

~TT + Ti" = ~ 1- With semi-axes b and c and focal distance 

V - (b2- c2) = V ai ds 

If in equation (7) we let b = c the section by any plane parallel 
to the plane x = 0 is a circle. Hence the surface is in this case 
formed by the revolution of the hyperbola 

= 1 

about its tranverse axis. The form of the surface is shown in 
Fig. 4. 

x2 y2 

~aF~ ~W 

The section by the X- Y plane (z = 0) is the hyperbola 

x2 y 2 _ 1 

~oJ ~ ~W " 

with semi-axes a and b and focal distance 

W + 6 2 = V ai - a2 

The section by the ZX plane (y = 0) is the hyperbola 
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Third. Let all of the constants ah a2 and a 3 be positive. 

Thus, let a, = a2 

a2 = b2 

a3 = c2 

Also let us assume that the relative magnitude of the constants 
are as indicated by the equation 

a > b > c 
Upon substituting these values in equation (5) we obtain 

^- + -S- + 4 = 1 w 
which is seen to be the equation of an ellipsoid. 

The sections by the co-ordinate planes ,and their focal dis
tances are given below. 

The section by the X- Y plane (z = 0) is the ellipse 

x2 v2 

—5- H—j-r- = 1 with semi-axes a and b and focal distance 
a2 b2 

f = V a2 - b2 = V a-! - a2 

The section by the Z-X plane (y = 0) is the ellipse 

-̂ r- + - V — 1 with semi-axes a and c and focal distance 
az cz 

f = V a2 - c2 = V a } - az 

The section by the Y-X plane (x = 0) is the ellipse 
/v2 z2 

-^rr- H — = 1 with semi-axes b and c and focal distance 
b2 c2 

f = V b2- c2 = V a2 - as 

If in equation (8) we let a = b the sections by the planes 
parallel to the X- Y plane will be circles whose centres lie along 
the Z axis and the surface is cut out by revolving the ellipse 

about the Z axis. If a is the major axis and c the minor axis 
of this ellipse as has been assumed and stated in the assumption 
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a > ct then the figure is cut out by revolving an ellipse about 
its minor axis. Such a figure is called an oblate spheroid. If 
the rotation occurs around the major axis the figure is called 
a prolade spheroid. 

If a = b = c the ellipsoid reduces to a sphere. 
The form of the oblate spheroid is shown in Fig. 5. 

C O N F O C A L Q U A D R I C S U R F A C E S 

In all three cases investigated above it will be observed that 
the squares of the focal distances of the principal sections 
(sections cut out on the X-Y, Y-Z, Z-X planes) are the square 
roots of the differences of the three constants ah a2 and a3. 
Therefore, if we add a constant to each of the three constants 

a2 and a 3 we obtain a surface whose principal sections have 

zi 

F I G . 5 — O B L A T E SPHEROID 

Axis of revolution about Z axis. 

the same foci as before or what is called a surface confocal with 
respect to the original. 

For example, if we take the equation of an ellipsoid 

-5 - + 1 - + 1 - = 1 <•> 
the focal distance of the principal section made by the X-Y 
plane has been seen to be 

/ = V a2 - b2 = V a i - a2 

If we now add the constant quantity p toa i and a2 we have as 
the focal distance of this principal section. 

V (ai — p) — (a2 — p) = Vfl! - p - a2 + p = V ax — a2 
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and thus the focal distance has remained the same. Similarly 
for the other principal sections, and we therefore see that 

v2 «2 xz yz _|_ zz 

a2 + p b2 + p c2 + p 

represents a surface confocal with the original for any real 
value positive or negative of p. 

If as we have assumed throughout a is greater than b and b 
is greater than c or, 

a > b > c 

then the character of the surface represented by equation (10) 
will be seen to be determined as follows: 

(1) If p > — c2 the surface is an ellipsoid. 
(2) If — c2 > p > — b2 the surface is a hyperboloid of one sheet. 
(3) If — b2 > p > — a2 the surface is a hyperboloid of two 

sheets. 
(4) If — a2 > p the surface is imaginary. 

Suppose we now wish to pass through a given point in space 
x, y, z a quadric surface confocal with the ellipsoid 

4 + -£- + 4 - = i ( i d 

Where a > b > c. 

We have seen that its equation will be 

V* = l d2) a2 + p 1 b2 + p 1 c2 + p 

from which the value of p can be determined when the values 
of x, y, z of the desired point are given. 

It will be seen that this equation (12) is a cubic equation in p 
and therefore will have three roots say ph p2, P3 and if it is found 
that these roots are all real there will be three confocal surfaces 
which will pass through any desired point x, y, z in space. 
Since an equation of odd degree always has at least one real 
root we see that the other two roots will be real or both imagi
nary since imaginary roots always enter an equation in pairs. 
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In order to investigate the roots of our equation (12) we can 
write it when cleared of fractions as follows: 

(a2 + p) (b2 + p) (c2 + p)-x2 (b2 + p) (c 2 + p ) -3 / 2 (a2 + p) (c 2 + p) 

This is our cubic equation in p and a, 6, £, xf y, z are the constants. 
We have just seen that the character of the confocal surface 

depends upon the magnitude of p with respect to the three 
constants a, b and c. To recapitulate 

(1) If p > — c2 the surface is an ellipsoid. 
(2) If — c2 > p > — b2 the surface is a hyperboloid of one sheet. 
(3) If — b2 > p > — a2 the surface is a hyperboloid of two sheets. 
(4) If —a2 > p the surface is imaginary. 

We will now substitute for p in equation (13) the values 

which will be seen to be the extreme values as outlined above. 
It should be observed that p = — co would result in an imagi
nary surface and therefore is not considered. 

Upon making these substitutions for p in equation (13) and 
remembering that a > b > c we will obtain the following as 
regards to changes of sign of our cubic equation in p which is 
represented for brevity by / (p). 

When p = + oo 
sign / (p) = + oo 

and it is observed that / (p) is a positive quantity for all values 
of x, y, z, a, b, c constant under the assumed relation a > b > c. 

When p = — c2 

in this case we observe that / (p) is negative and therefore / (p) 
has changed from a positive value in the previous case to a 
negative value in this case. Therefore, / (p) has passed through 
zero somewhere between p = + oo and p = — c2, that is, there 
is a real root between these two values. Call this root A and 

-z2(a2 + p) ( 6 2 + p ) = / ( p ) = 0 (13) 

(1) P 
(2) P 
(3) p 

(4) p 

sign 

/ (p) = - z2 (a2 - c2) (b2 - c2) 

/ ( P ) = (") ( + ) ( + ) = ( - ) 
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observe that it occurs in the region which specified that the 
confocal surface will be an ellipsoid. 

When p = — b2 

f (P) = ~ y2 (c2 - b2) (a2 - b2) 
sign / (p ) = ( - ) ( - ) ( + ) = ( + ) 

Here again there has been a change in sign and therefore there 
is another real root somewhere between p = ~c2 and p = —b2. 
Call this root fx and observe that it occurs in the region which 
specifies that the confocal surface defined by it will be a hyper
boloid of one sheet. 

When p = — a2 

f (p) = _ X* ( J 2 _ FL2) ( C 2 _ FL2) 

sign / ( />) = ( - ) ( - ) ( - ) = ( - ) 

and we see that there is another change in sign and therefore 
another real root in the interval between p = — b2 and p = — a2. 
Call this root v and observe that it lies in the interval which 
specifies that the confocal shall be a hyperboloid of two sheets. 

We have thus accounted for the three roots of the cubic and 
found their general location also that they are all real.34 Thus 
we have seen that through any given point in space, say x\ 
yf, z' there will pass one surface of each of the three kinds and 
therefore we may represent the given point in space either by 
its rectangular co-ordinates x', y', z' or by the three values X, 
/x, v which are the three values of p as determined by the cubic 
equation in 

-v2 y2 

a2 + p b2 + p c2 + p 

in which the values of x, y, z are taken as x' y' z'. 
If we write for the sake of brevity. 

F (\, X i yyZ) = o (14) 

We see that equation (14) defines X as a function of x, y, z which 
34. A complete treatment of the cubic equations will be found in 

'Todhunter 's Theory of Equations". Page 109. 
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is a point in space and therefore X is said to be defined as a point 
function. Similarly 

F (m> y>z) = 0 (15) 
F (v, x, y, z) = 0 (16) 

define fx and v as point functions. 
If we have given the values of X, fx, v in these three equations 

we determine completely the ellipsoid X = constant, and the 
hyperboloid of one sheet fx = constant, and the hyperboloid of 
two sheets v = constant, and hence their point of intersection 
x, y, z and its seven symmetrical points in the other quadrants. 
It can be further shown that the three surfaces defined by 

X = constant 
JJL = constant 
v = constant 

are mutually perpendicular at every point of intersection.36 

X, /x and v are called the ellipsoidal or elliptic co-ordinates of the 
point. They form a system, of Orthogonal Curvilinear Co
ordinates.36 

N O R M A L O B L A T E S P H E R O I D A L C O - O R D I N A T E S 

When any two semi-axes of our standard ellipsoid become 
equal the above described system of curvilinear co-ordinates 
breaks down. For in that case the equation 

x2 , y2 , z2

 = , 
a2 + p^~ b2 + P c2 + P 

reduces to a quadratic equation in p and therefore has only two 
roots which we may call X and JJL. The surfaces X = constant 
and fx = constant are now confocal ellipsoids and hyperboloids 
of revolution. Obviously a third family of surfaces is required 
before the position of a point in space can be fixed by their 
intersection. Such a family of surfaces, orthogonal to the two 
present families, is supplied by the system of diametral planes 
through the axis of revolution of the standard spheroid. The 
two cases in which the-standard ellipsoid is a prolate spheroid 
and an oblate spheroid require separate treatment. We are 

35. A good discussion will be found in "Solid Geomet ry" , Charles 
Smith, Macmillan and Co. , Page 147. 

36. The above discussion has mainly been taken from A. G. Webster , 
"Electrici ty and Magnet ism", pages 27-31. 
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here principally interested in the later case which will now be 
described. 

Let us assume as the standard oblate spheroid 

^ + 4 = 1 (17) 
a2 c2 

where a > c that is, we have taken the case where the figure 
is rotated about the z axis. 

The equation of the confocal family of surfaces is then 

^ 2 + - T ^ = l '(18) 
a2 + p c2 + p 

which is seen to be a quadratic p regarding x, y, z, a, c as 
constants. 

As we have seen before the character of the surface will depend 
upon the magnitude of p with respect to the constants a and c. 
Remembering a > c 

(1) If p > —c2 the surface is an oblate spheroid. 
(2) If — c2 > p > — a2 the surface is a hyperboloid of revolu

tion of one sheet. 
(3) If —a2 > p the surface is imaginary. 

In order to investigate the roots of (18) we may write it 

(a2 + p ) {c2 + p ) ~ (x2 + y2) (c2 + p)~z2 (a2 + p ) = / ( p ) = 0 
(19) 

and observe the changes of sign when the following values are 
substituted for p in equation (19). 

(1) P = + oo 
(2) p = -c2 

(3) p = - a 2 

When p = + co 
sign / ( p ) = + oo 

and it is observed that / ( p ) is a positive quantity for all values 
of xf y} zt a, c consistent with the assumed relation a > c. 

When p = — c2 

/ ( p ) = - s 2 (a2-c2) 

sign / ( p ) - ( - ) ( + ) = ( - ) 
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in this case we see that / (p) is negative and has therefore changed 
from a positive value in the previous case to a negative value in 
this case. Therefore, / (p) has passed through zero somewhere 
between p = + 0 0 and p = — c 2, that is, there is a real root 
between these two values. Call this root X and observe that 
it occurs in the region which specifies that the confocal surface 
will be an oblate spheroid. 

When p = — a2 

f (p) = - (x2 + y2) (c2 - a2) 
sigti ' / ( p ) = ( ~ ) ( + ) ( - ) = ( + ) 

Here again there has been a change in sign and therefore 
there is another real root somewhere between p = — c2 and p = —a2 

Call this root fx and observe that it is in the region which speci
fies that the confocal surface will be an hyperboloid of revolution 
of one sheet. We have thus accounted for the two roots of 
our quadratic and also found their approximate location; also 
that they are real. 

We may now write 

F ( A , w ) = ^ + 4 - x - l = 0 

or, 
F(\x}y,z) = 0 (20) 

Similarly, 
F (M, x, y, z) = 0 (21) 

Now, as we have seen before, in order to determine completely 
a point in space we must have another equation which defines 
a surface which will intersect the two present surfaces X = 
constant, and, JUL = constant, at all real points. As has already 
been said such a system of surfaces is that of the diametral 
planes through the axis of revolution of our standard oblate 
spheroid. 

In this case, we have taken the 2-axis as the axis of revolution. 
We, therefore, wish the equation of the plane which passes 
through the intersection of the planes x = 0 and y — 0. The 
equation of this plane may be written.37 

y — v x = 0 

where v may have any value. 

37. See—Charles Smith "Solid Geomet ry , " Macmillan and Co. , p a g e l l , 
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Thus we may write 

F (v, x, y, z) = y — v x = 0 (22) 

If we are given the values of X, fx, v these three equations 
determine completely the oblate spheroid, X = constant, the 
hyperboloid of revolution of one sheet, fx = constant, and the 
diametral plane through the axis of revolution, v = constant. 
Hence their point of intersection x, y, z and its seven symmetrical 
points in the other quadrants is completely determined. It can 
further be shown that the three surfaces defined by 

X = constant 
fx = constant 
v — constant 

are mutually perpendicular at every point of intersection. We 
may thus take X, fx, v as a set of normal curvilinear co-ordinates. 

In order to simplify the work which will follow we will make 
certain simplifications in the form of the equations of the three 
surfaces, the intersection of which represent our three co-ordi
nates of a point. Rewriting equations (20), (21), (22) of the 
three orthogonal surfaces, 

F (/x, x, y, z) = + ~y~T— + l - T - ~ 1 = 0 W a2 + fx a2 + fx c2 + fx 

F (v, x, y, z) = y — v x = 0 (25) 

Where a > c 
X > - c2 

— c2 > fx > —a2 

v may have any real value positive or negative. 
Let us now make the following substitutions in equations (23) 

and (24). 

Let 

a2 - c2 = E2 (26) 

and a2 + X = E2 D (27) 
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E2D 1 E2D 1 E2 (D - 1) 

x2 y2 z2 

WF + Ef~F + E2 (F ~ 1) ~ 1 = 0 ( 3 2 ) 

We may now make the further substitutions, 

Putting E2 = c'2 

E2D = X / 2 

£ 2 = /x/2 

We then may write (31) and (32) 

x2 y2 z2 

~yT + "x^" + x / 2 - c ' 2 ~ 1 = 0 ^ 

^ + - ^ + H ^ r 7 T - 1 = ° ( 3 4 ) 

If in these equations X'2 is greater than c'2 and c'2 is greater 
than JUL'2, that is 

X / 2 > c'2 > \i'2 

then equation (33) is the equation of a confocal family of oblate 
spheroids in a simplified form and equation (34) the confocal 
family of hyperboloids of revolution. The Z-axis is the axis of 
revolution and 2 c' is the focal distance. In other words, if we 
take an ellipse and a hyperbola having the same foci (focal 
distance 2 c') and revolve them about the minor axis of the 
ellipse (in this case the s-axis) we shall get a pair of surfaces 

subtracting we obtain 

c2 + X = E2 (D - 1) (28) 
also let 

a2 + ix = E2 F (29) 

subtracting (26) from (29) we obtain 

c2 + fi - E2 (F- 1) (30) 

If we now substitute (27) and (28) in (23), and (29) and (30) in 
(24) we have 

x2 y2 z2 

+ r T n + i 7 2 7~\ - 1 = 0 (31) 
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which are mutually perpendicular; also a plane through the axis 
of revolution will cut both the spheroid and hyperboloid ortho
gonally. We may now drop the primes and write the equations 
of the three surfaces: 

/?! (*,?,*, X) = - J - + - g - + X 2 * c 2 - 1 = 0 (35) 

F2 ( * , y, z, M ) = + + ^ 4 y 2 " 1 = 0 (86) 

7̂ 3 (x, y, z, v) = y - v x = 0 (37) 

where X2 > c2 > /x2, 2 c being the distance between foci. 

F I G . 6 — I N T E R S E C T I O N OF AN O B L A T E SPHEROID , CONFOCAL HYPERBOLOID 

AND A P L A N E THROUGH THE A X I S OF R O T A T I O N 

For all values of X, JJL and v consistent with the inequality 
written above the surfaces (35), (36) and (37) intersect in real 
points and cut orthogonally. We can, therefore, represent any 
given point in space say x, y, z by the intersection of the three 
surfaces provided we assign the proper values to X, /JL and v. 
Therefore, X, fi and v are a set of orthogonal curvilinear co
ordinates. 

The form of the three surfaces is shown in Fig. 6. 

L A P L A C E ' S E Q U A T I O N I N N O R M A L O B L A T E S P H E R O I D A L 

C O - O R D I N A T E S 

If we solve equations (35), (36) and (37) simultaneously we 
will obtain the values of x, y and z in terms of our co-ordinates 
X, JJL and v. 
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To do this we may divide equation (35) through by JJL2 and 
equation (36) through by X2 and then subtract. We obtain 
upon simplification. 

2 2 = ( X ' - Q M 

Substituting this value of z2 in equation (35) we obtain 

X2 u2 

x2 + y2 = 

and upon substituting the value of y from equation (37) we 
obtain 

X2 a2 

~ 2 - A M (39) c2 (1 + v2) 
similarly we obtain 

X2 u2 v2 

y° - ^ t i t ^ ( 4 0 ) 

Equations (38), (39) and (40) enable us to express the position 
of a point in space x, y . z when the values of X, /x and v are 
given. 

Let x = xo, y = yo, z = z0 be the rectangular co-ordinates 
of the point in space determined by the intersection of the 
three surfaces X = X0, [x = ju0, v = v0. 

The rectangular co-ordinates of the point 

X = Xo + d X 
M = M O 

v = P0 

will be 
i d x . 

Xo - + - G - ^ - a A 
. CJ X * 

x = x0 + ^-y # X 

i d y , . 

y = y* + z%d\ 
i 2 J \ 

3 = S o + d X r f X 
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That is, it will be the original position plus the rate of change 
of x with respect to a change in X multiplied by the increment 
in X. This will be readily seen from Fig. 7. 

The square of the distance between the points X 0 and X 0 + d X 
will be 

F I G . 7 — E L E M E N T A R Y SOLID C U T O U T BY THE INTERSECTION OF A 

P A I R OF CONFOCAL HYPERBOLOIDS OF R E V O L U T I O N , A P A I R OF E L L I P 

SOIDS OF R E V O L U T I O N AND A P A I R OF P L A N E S THROUGH THE A X I S OF 

REVOLUTION ( Z A X I S ) 

In the limit the elementary curvilinear rectangular parallelo-
piped is simply a rectangular parallelopiped, that is, the effect 
of the curvative will introduce an effect which will be an infinitesi
mal of higher order than d X and dni and, therefore, may be 
neglected. From this consideration it will be observed that 
dn\ is the differential unit of length normal to the surface X = X 0 . 
Thus, a considerable simplification has resulted from the fact 
that our system of curvilinear co-ordinates are orthogonal. 

In like manner, we can write down the expressions for the 
differential unit normals to the other two surfaces 

ji = ^o r and[^ = [j>o. 
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Thus, 

which is the elementary normal to the surface /x = /do 
Similarly 

«- [(!-;/+ 0"+ (m » 
is the elementary normal to the surface v = vQ 

If we now let 

1 
Ai2 

tl22 

J_ 

hi 

= {bi) +
 (rf) + (bi) (45) 

- 0 + 0 + ( I i ) ' < 4 6> 

we can write the three equations for the differential normals in 
the more compact form. 

in, = i f (48) 

d » 3 = - 7 - (49) 

The elementary surfaces which form the sides of the differen
tial volume may now be written (see Fig. 7) 

d Si = dn2 dn3 = ) (50) 
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for the surface X = Xo 

d 5 2 = drii dttz = (L^iAl (51) 
hi hz 

for the surface /x = /x0 

for the surface v — v0 

We may now write the differential volume d v of the rectangu
lar parallelopiped 

dv = dn\ dn2 dn3 = ^ ^ ^ ^ ^ (53) 
# 1 # 2 " 3 

Back Surface 
Side Surface ^. 

Front SurfaceT~ 

F I G . 8 

We can now proceed to write down Laplace's equation in our 
present system of orthogonal curvilinear co-ordinates. We will 
here consider the case of a homogeneous and isotropic medium. 
The clearest method of obtaining Laplace's equation is to apply 
the well known laws of flow of an incompressible fluid to the 
infinitesimal unit of volume bounded by the intersection of the 
six surfaces, 

X = X 0 fJL = JJLo V = Z>0 

X = X 0 + dXi fx = fjL0 + d ixi v = v0 + d v 

Now let^see Fig. 8) 
u equal the component of the flow density or flux density, 

D, at the point X 0, /x0, v0y parallel to dn\ 
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Similarly 
v — component of D parallel to dn2. 

w = component of D parallel to dn%. 

Now the total amount of flux (or flow) leaving the infinitesi
mal parallelopiped is the sum of the six amounts leaving it 
through the six faces; each of these is expressed as; flow density 
X surface. 
Therefore, thev are, 

d u 
- t -

— v d s 2 + + 5T—— d n 2 ) ds 

u d Si + (u + ~ — - dtti) ds, 
O tli / 

d v 

5 n2 

— w d So + [w + 5 T — dns^j ds-, 
d w 

d w 3 

In order to see the exact meaning of these three equations we 
will put the first one in word form. The first term says that the 
total flux (or flow) entering the lower surface of the infinitesimal 
parallelopiped is equal to the component of the flux density in 
the direction perpendicular to the surface X the area of the 
lower surface. Since we desire to express the outward flow we 
designate this inward flow by the minus sign. The second term 
expresses the total flux outward through the top surface. For 
this case the component of the flux density will be the original 
component plus the rate of increase of the component as we 
move towards the top of the cube multiplied by the height of 
the cube. This gives the component of the flux density at the 
top of the cube and if we multiply this by the area we obtain 
the total outward flow at the top surface. 

Adding these three equations together, and substituting the 
values of dsi, d s 2 , and d s 3 from equations (50), (51) and (52) 
we get 

( ^ ~ L + > T ~ + \ dni dn2dnz (54) \d tii o n2 o n3/ J 

Now for any point in space which is neither a source nor a sink 
of flux we see that the same quantity of flux must leave as enters 
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any closed surface in order that there may be no accumulation 
within. Therefore, we may write 

( b u b v b w 
b n2 b n 

dn2 driz (55) 

If we write this equation for a unit of volume, that is, if we divide 
by dnu dn2, dn% we have the familiar "equation of continuity." 

bu bv bw 
5 » i b n2 b nz 

If we now write the Fourier-Ohm law in the following form 
appropriate to flow problems in space, namely; 

u = 

v = 
1_ d V 

T 

W = — — 

dn2 

5 
d n3 

(56) 

In other words these equations state that the flow density in 
a given direction is equal to the potential gradient in that 
direction divided by the specific resistance to flow. The minus 
sign indicating that the potential is decreasing in the direction 
of the flow. We will here take the specific resistance to be 
unity and equal in all directions, that is, the material has unit 
specific resistance and is homogeneous and isotropic. 

We may, therefore, rewrite equation (56) for this case. 

u = — 

v = 

w — — 

b V 
d nj 

a v 
b n2 

b V 
b n3 

(57) 
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Putting these equations in terms of h\, hi, hz and X, yu, and v 
as given by equations (47), (48) and (49) we have 

n = — hi 

- h2 

w = — hs 

b V 
b \ 

d V 
b n 

b V 
b v 

(58) 

If we now write equation (54) [in terms of X, /x, v and hh A2, 
A3, in the same manner we have, 

Ai 
d u 
d~X + A. 

d v 
d /x + A3 

bw\d\d jxd v w\ a A 

"77 X A2 hs (59) 

If we now substitute the values for u, v, w from equation (58) 
we have 

- [* I A (*i fx)+ ** ̂  (H> TJ) + *» ̂  ( A 3 IT) ] 

Ai ^ 2 &3 
= 0 (60) 

changing signs and simplifying we get, 

r j b_( b V \ . 1 d / , d F \ 

Now we may put =—̂r- inside the differential since A2 A3 A2 A3 O A 

are not functions of X; similarly for /x and v. Thus we may 
write it 

TA / Ai d F \ _c>_ / _ ^ 2 _ , _d_ / A3 d F \ 1 
L£) X U 2 A3 d X / d \ Ai A3 d fx / d v\hih2 bv ) \ 

d\d ix dv = 0 (62) 
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Now in order to write the equation per unit volume we must 
divide through by unit of volume, that is, by equation (53) and 
we get 

h i i r A_ /A. AK\ - i - -A ( j i . i z \ 

^ d v\hi h2 d 

(63) 

which is Laplace's equation in orthogonal curvilinear co-ordi
nates. 

We may now proceed to obtain the values of hi, h2 and hs for 
our case of normal oblate spheroidal co-ordinates from equations 
(38), (39) and (40) when combined with equations (44), (45) 
and (46). 

Thus differentiating equations (38), (39) and (40) with respect 
to X we obtain 

d x _ JJL 

d X ~ c V 1 + vl 

%i - ^ \ («*) 
^ A c V 1 + V2 

d z _ _X_ A / C 2 — /JL2 

d~X~ ~c~ 

Substituting these values in equation (44) we obtain 

J_ _ / M \ \ ( M v \ + (A_/\/EEjE) 
' \c VT+T>) ^ \c V T+T 2/ \c A 2 -

Simplifying we get 

1 X2 - M2 
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Similarly we obtain 

d JX 

d y 
d fx 

b JX 

From which 

Again 

and 

cV 1 + v2 

c V 1 + V2 

_ jx_ 

c c2
 — fx2 

X2 - fx2 

X jx v 
C(l+ V2)*''2 

Jl2

2 = 

d x 

d y 

bl> c (1 + v2)^2 

0 v 

X fx 

X2
 M2 1 

h3

2 c2 (1 + v2)2 

If we now substitute these values of \-, - 4 - - , in equation 
Ai A2 A3 

(63) we get 

c (l + i/2) V c2 -

d r 
c ( l + l ' 2 ) V ) l ! - C ^ 

c ( X 2 - M2) d 
X/i V ( X 2 - c2) (c2 

V c2 - M2 

d yu ] + 

= ^ r ( 1 + , 2 ) | J i i = o 

887 

(70) 

(66) 

(67) 

(68) 

(69) 
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which is Laplace's equation in our spheroidal coordinates X, 
fi and v. 

If now in place of X, JJL and v we can find some function bf X, 
some function of \x, and some function of v which, therefore, 
will represent the same set of orthogonal surfaces, and if we 
can choose these functions which we shall designate by a, (3 
and 7 , which of course are also functions of x, y and z, so that 
they are solutions of Laplace's equation when expressed -in 
rectangular co-ordinates, and, therefore, satisfy it when substi
tuted therein. That is, we would have, 

d2 a d2 a d2 a _ 
I >v . . 9 ~T ^ o O dx2 dy2 dz2 

d2 ]8 c^J? c^JJ = 

d x 2 + d y 2 + dz2 

dx2 ^ dy2 ^ i>z2 

under these circumstances equation (70) will be reduced to a 
more simple and symmetrical form. It must be remembered 
that the existence of these functions a, fi, y, is merely tenta
tive. The criterion for their existence will be given later. 

Equation (70) is Laplace's equation expressed in terms of 
X, /JL and v. 

Assuming now that in equation (70) V is a function of X only; 
in that case 

— = 0 and — = 0 
d JJL OP 

and equation (70) would then reduce to 

d X [ > V A 2 — 2 ! £ ] = 0 (71) 

Integrating with respect to X we get 

d V 
X V X2 - c2 

d X 
= Ci (72) 
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whence 

d V = _ £ £ L = (73) 
X V X 2 - c 2 

and integrating again 

7 = -£L sec- 1 — + Ki (74) 

Here V is a function of X which satisfies Laplace's equa
tion. Call this value of V which, is a function of X and 
which satisfies Laplace's equation, a leaving the constant C\ 
undertermined thus 

7 C\d\ /P__X 

da = - t _ (75) 
X V X 2 - c 2 

and 

a = ^ sec- 1 -Y +Ki (76) 

The constant K\ is zero since, 

a = 0 
when X = c 
and sec _ 1 l = 0 

As above assumed now that V in equation (70) is a function 

of JJL only; in this case = 0 and - 4 — = 0 and 
J d X d p 

(77) 

Integrating 

M V c2 — fx2 = c2 (78) 

Cjdfx 
H V c 2 - fx2 

(79) 

c2 V = — ^ s e c h - 1 - ^ - + i C 2 c c (80) 
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Call this value of V which is a function of fx only, and which 
satisfies Laplace's equation, 8, leaving the constant c2 unde
termined we have 

d (l = - 7 # = 1 ^ 
/X V C2 — fJL2 

/3 = - ^ - s e c h - 1 - ^ - +K2 (82) 
c c 

The constant of integrating K2 is zero since 

£ = 0 

when fx = c 
and s e c h - 1 l = 0 

Similarly 

_d_ 
d v [u + *> |fj - o (83) 

(1 + v2) d j y - c , (84) 

*v = r v ? ( 8 6 ) 

V = c3 tan"1 v + Kz (86) 

If, as before, we call this value of V, which is a function of v 
only and which satisfies Laplace's equation, 7 , leaving the con
stant Cz undetermined we have 

«* T = j - q r ^ (87) 

7 = c 3 tan- 1
 1; + i£ 3 (88) 

The constant of integration Kz vanishes since 

7 = 0 

when v = 0 

and tan-1*) = 0 
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If we now substitute these values in equation (70) we can 
express Laplace's equation in terms of our new functions a, /3 
and 7 and thereby obtain a simpler equation. To do this let 
us take equation (70) term by term. 
The first term is 

c{\ + v2) v V - M

2 d X L dX J 

expanding the indicated differentiation we get 

^ y — 
c(i + v2) Vc2-fx2y>^\ a x 

+ X V " X T ^ ^ ) ] 

From equation (71) the first term within the bracket is equal 
to zero. 

If we now assign the following values to the constants, Ci, 
c2 and Cz 

C\ = — c2 = c and c 3 = 1 

We have from equation (73) 

d V = c 
d ^ " X V X2 - c2 

d2 V 
(\V\2-c2 ) d X2 6/ X \ x V X 2 - c 2 

d2 V = - c [ ( X 2 - g 2 ) + X2]_ 

d X2 X2 ( X 2 - c2) V X 2 - c 2 

Now from equation (75) we have 

d X _ X V X2 - c 2 

da c 

(80) 
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d2 V = al_Vd_]^ _ ( X 2 - c2) + 

da2 d X2 d a2 " c V I ^ T ^ ( ^ 

Now comparing (90) and (92) it will be seen that 

d2 V _ c2 d2 V 
d X2 ~ X2 ( X 2 - c2) d a2 (93) 

d2 V 
If we now substitute this value of i— -̂0 in the second term of 

d Kl 

equation (89) we get 

or simplifying the first term of equation (70) when expressed 

r d2 V 
in terms of ^ — - we get 

o a2 

d2 V 
(94) X (1 + V2) Vc2-fJL2 V X2-C2 <> OL2 

If we now perform the same operation upon the second term 
of equation (70) which is 

(95) X _d_ r , - t ; d VI 
c ( l + v2) V X 2 - c 2 t > M L C M C>MJ 

expanding the indicated differentiation we have 

X r_d_ / , -rz—*\ AZ 

c(l + v*) V X 2 - c 2 L̂ MY M / 5/i 

£>2 F 1 
+ MVc 2-M2|^2J (96) 

Combining (90) and (91) we obtain 
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(97) 

(98) 

From (97) and (98) we obtain 

d2 V = d2 Vd JJL2

 = (c2 - fx2) - fx2 

d p 2 ~ d fx2d (32
 " cVV^2 (99) 

Now from (97) and (99) it will be seen that the following relation 
exists 

d2 V c2 d2 V 
d fx2 fx2 (c2- fx2) d /32 } 

Hence substituting this value in equation (96) we get for the 
d2 V 

second term of equation (70) when expressed in terms of ^—^2 

the following. 

* r ( 1 0 i ) 

H (1 + v2) v V - M

2 V \ 2 - c 2 ?> P2 

Now as before expand the third term of equation (70) 
c ( X 2 - M2) 

| _5^ ( 1 + " } 5 7 + <! + "2) 5T2" J X M v X 2 - c 2 Vc2-/j,2 

Equation (77) tells us that the first term within the bracket is 
zero. 

Now from equation (79) putting c2 = — c we have 

d V = - c 
d M fx Vc2 - fx2 

and then 

d2 V = c [ (c2 - M2) ~ M2] 

d fx2~ ^ (c2- fx2) Vc2 - ix2 

From equation (81) we have 

d fx _ fx V c2 — fx2 

~d~]3 " " 

d )U2 _ fx2{c2 — fX2) 
d~]32 ~ c2 

(102) 
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d2 V = - 2 v 

d v2 ~ (1 + v2)2 
(103) 

From equation (87) 

d v 

d y 

d v2 

= 1 + v2 

= (1 + v2)2 

(104) 

d y2 

From (103) and (104) 

d2 V d2 V dv2 

d y2 d v2 d y2 

Now from (103) and (105) we get 

d2 V _ 1 d2 V 

dv2 " (1 + v2)2dy2 

- 2 v (105) 

(1C6) 

Hence substituting this value in equation (102) we get for the 
d2 V 

third term of equation (70) when expressed in terms of ^ - ^ 2 

the following. 
c ( X 2 - jd2) d2 V 

X / x (1 + ^2) V V - / i 2 V \ 2 - c > & 7 2 
(107) 

If we now combine the three terms as giv^en by equations (94) 
(101) and (107) we get 

± _ v v . i d2 v . X2 - M 2 a 2 F R I 0 8 , 
\ 2 5 a 2 + /x2 d /?2 ^ X2 — fx2 d y2 K U ; 

and observe that the first term within the brackets vanishes by 
equation (83). 

Now from equation (85) putting cs = 1, we get, 

d V = _ 1 

dv 1 + v2 
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or since from equation (76), (82) and (88) and remembering 
that we put C\ = — c2 = c3 = 1 we have 

X = c sec a 

H = c sech /3 (109) 

v = tan 7 

we can now write equation (108) 

p\2 y ?\2 y h2 V 
cos 2 a ^ — \ + cosh2 13 ^ - ^ 9 + (cosh2 (3 - cos 2 a) \ = 0 (110) 

o cr o p . 0 7 

which is Laplace's equation expressed in terms of what have 
been called normal oblate spheroidal co-ordinates. 

When using this equation (110) it is to be noted that the 
point whose co-ordinates are (a, 7 ) is the point of intersection 
of an oblate spheroid whose semi-axes are 

c sec a (major axis) 
c tan a (minor axis and the axis of revolution.) 

and a hyperboloid of revolution of one sheet whose semi-axes 
are 

c sech j8 (transverse axis) 
c tanh f3 (conjugate axis, the axis of revolution.) 

and a plane containing the axis of revolution of the system and 
making the angle 7 with a fixed plane. 

If the axis of revolution is the z axis and the fixed plane of 
reference is the XZ plane; the rectangular co-ordinates of a, ]8, 
7 , will be obtained by substituting the values of X, \x and v 
given by equation (109) into equations (38), (39) and (40). This 
substitution gives 

x = c sec a sech /? cos 7 

y = c sec a sech /3 sin 7 

z = c tan a tanh f3 

( i n ) 

7T 

If now we let a range from 0 to —— (3 from — co to +. 0 ° , and 

7 from 0 to 2 7r, we shall be able to represent all points in space; 
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and if we agree that negative values of j8 shall belong to points 
below a plane through the origin and perpendicular to the axis 
of revolution and positive values of /3 to points above that 
plane. Then not only shall we have no ambiguity, but also 
the rectangular co-ordinates of any point in space as given by 
equations (111) will have their proper signs. (See Fig. 9) 

The above transformation of Laplace's equation, as expressed in 
terms of the orthogonal curvilinear co-ordinates X, LA and v 
which represent an orthogonal system of surfaces, to the simpli
fied form in which it was expressed in terms of the new co-ordi
nates a, ]8, 7 was made possible by the assumption that certain 
functions a, /?, 7 of X, JUL and v exist. Thus we determined the 
value of a by solving equation (70) on the assumption that V 
is a function of X only; JUL and v not entering. This means that 

we assumed that the curvilinear co-ordinate X corresponds to a 
possible equipotential or isothermal surface, for in that case 
there would be a function of X which would satisfy Laplace's 
equation. 

We may write it symbolically as follows : 
Starting with Laplace's equation in terms of rectangular co

ordinates namely A2 V = 0 and remembering that X = / (x, y, 
z). Then if it happens that V = f (X) only, is a solution of 
Laplace's equation, then we may write it 

and upon substituting back in Laplace's equation we would get 
the condition that 

z 

F I G . 9 — C O N F O C A L ELLIPSE AND HYPERBOLA 

V = / ( X ) = a 

A2 a = 0 
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In other words, this means that a as found by this process is a 
value of the potential V corresponding to such a distribution 
that the surface obtained by giving particular values to X are 
equipotential surfaces. The particular value of the function of 
X, a is given in equation (76). 

The condition that such a function a should exist, for a 
given system of surfaces, that is, that the distribution described 
above should be possible will be obtained analytically below. 

We have seen that the required condition is merely that V 
in Laplace's equation may be a function of X alone. 

If V is a function of X alone and we also remember that X 
is a function of x, y and z, we may start from this information 
to write out Laplace's equation. 

WeAhave 

V=fi(X) 

X = f2 (x, y, z) 
Hence 

bV d V b X 
b x d X b x 

bV = dV bX 
by dX b y 

b V 
bz 

d V dX 
d X b z 

Differentiating again we obtain 

b2 V d2 Vb X2 

bx2 d X2 bx2 ^ dX bx2 + 
dV b2 X 

b2 V d2 Vb X2 dV b2 X 
by2 d X2 by2 1 dX by2 

b2 V = d^J[b_X? d_V &_X 
bz2 d X2 bz2 ^ dX bz2 

Adding these three equations and equating the result to zero 
in order to obtain Laplace's equation we get 

b2 V c^F b^V 
dx2 by2 ds 2 
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also 

rd 2 X d^X a2 X~| 
L d * 2 + dy2 + d z 2 _ U X 

We thus have obtained an expression for Laplace's equation 
based upon the assumption that the potential V shall be a 
function of X alone. If we now write it 

c ^ X , ^ _ X tPV 
dx2 + dy2 + d s 2 _ d_X2 

d V 

This may be written in symbolic form 

A2 X 

d X 

Ai2 
= Fx (X) 

where Fi (X) may be any function of X alone. Thus our re
quired condition is that 

= Fi (X) (112) 

and when this is fulfilled the original curvilinear co-ordinate X 
corresponds to a possible equipotential or isothermal surface 
and in this case a function a exists. If similar relations are 
found to hold for /? and y the reduction of Laplace's equation 
to the so-called symmetrical form is possible. 

Similarly we determine the values of j8 and y on the assump
tion that V is a function of fx only in the case of j3 and a function 
of v only in the case of 7. In that case it is evident that 

A2 ]8 = 0 and in the second case 
A2 7 = 0 

It is therefore evident that /3 is a value of V corresponding to 
such a distribution that the surfaces obtained by giving par-



1917] RICE: ELECTROSTATIC PROBLEMS 899 

ticular values to ji are equipotential surfaces; and that 7 is a 
value of V corresponding to such a distribution that the sur
faces obtained by giving particular value to v are equipotential 
surfaces. 

From what has been said above it is evident why Lamme, 
the inventor of this system of co-ordinates called the functions 
a, 0 and 7 thermometric parameters.38 

The analytical method of obtaining the criterion for the 
existence of these functions 0 and 7 is exactly the same as that 
for the case of a which has been worked out. It is in the case 
of X 

and it is for /JL 

and for v 

A2 X 
Ax2 

A2 fJL 

A2 v 
A32 

= ^1 (X) 

= F2 (M) 

= ^ 3 (*0 

(113) 

When these three conditions are fulfilled for X, JUL and v, the 
original curvilinear co-ordinates X, fx and v correspond to pos
sible equipotential or isothermal surfaces and thermometric 
parameters a, 0 and 7 exist and the reduction of Laplace's 
equation to the so-called symmetrical form given by equation 
(108) is possible. 

In all of the above work I have followed the development of 
the subject of orthogonal curvilinear co-ordinates as given in 
Byerly's Fourier Series and Spherical Harmonics pages 238 to 
245 and merely tried to give an unexpurgated description of 
the process. That is, I have tried to fill in some of the steps 
in the process which are necessary in order that the average 
engineer may follow the development with ease. 

The solution of the problems given in the following pages is 
38. Numerous references to Lamme's work will be found in the follow

ing works. 
Maxwell , Electricity and Magnetism, page 232; Webster, Electricity 

and Magnetism, page 22, 64,173; Byerly, Fourier's Series and Spheri
cal Harmonics, page 244, 274; J. H. Jeans, Electricty and Magnetism, 
page 247; Goursat-Hedrick, Mathematical x Analysis, Vol . I, page 80; 
I. Todhunter, The Functions of Laplace, Lamme and Bessel, page 210. 
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due to Professor W. E. Byerly. I had been struggling with the 
problem for some time without success and finally took the 
liberty of writing Professor Byerly concerning my troubles. 
His reply of January 9th, 1915 to my letter exceeded my ex
pectations for it gave the desired solution as given in the fol
lowing pages. On February 17th, 1915, I had the further 
privilege of talking over the problems with him, at which time 
he cleared up the remaining troublesome points. 

P O T E N T I A L A T A N Y P O I N T I N S P A C E 

Laplace's equation (110) expressed in the symmetrical form 
was seen to be 

b2 V b2 V d2 V 
cos 2 a + cosh2 j8 + (cosh2 0 - cos 2 a) = 0 (114) 

da2 d p 2 o y2 

In the present problem we wish to determine the potential 
at any point in space between two confocal hyperboloids; one 
of which is chosen to represent the tank with a hole in it; the 
other representing the rod or connection which passes through 
the hole in the cover of the tank. 

The potential V must satisfy the above equation and is a 
function of 0 only. This follows from the fact that the equi
potential surfaces will be confocal hyperboloids of revolution. 

Therefore, we have, 

d2 V d2 r 
^-—2 = 0 and s:—9 = 0 da2 d y2 

and Laplace's equation reduces in our case to 

cosh2 /? = 0 

This equation must be true for all values of /? and V and since 

d2 V 

cosh2 /? is not zero for all values of j8, m u s ^ be equal to 

zero. Thus our equation will be 

sn*= 0 (115) 

The solution of this differential equation is seen to be obtained 
as follows: 
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Integrating, 
d_V_ 
d p ~ A 

dV = Ad /3 
and 

V = A p + C (116) 

which is the solution for the potential at any point in space. 
The values of the constants of integration A and C will be found 
from the conditions of the problem. 

Thus if (3 = j30 for the hyperboloid selected as the tank with 
hole in it, the potential is 

7 = 0 

Assuming the tank to be grounded, 

Hence 0 = A j80 + C 

Also when /? = /3i for the hyperboloid selected as the electrode 
which passes through the hole in the tank 

V = Vi 
Hence 

7i = A ft + C 

Solving these equations simultaneously we have 

V1 C = 

A= F l 

(117) 

Substituting the values of A and C as thus determined into 
equation (116) we have. 

v ft- 0 O + & 
ft 

or 

v ~ i ¥ r u - f o ( 1 1 8 ) 

which is the complete expression for the potential at any point 
in space under the assumed terminal conditions. 
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From considerations of symmetry it is obvious that the po
tential has circular symmetry about the axis of revolution; and, 
in this case, the z axis has been chosen. 

We may now determine the potential at any point in space 
in rectangular co-ordinates as follows. 1 Suppose wre desire the 
potential at the point x, z for the case in which the semifocal 
distance is c. 

We have for the value of JJL which is the semi-transverse axis 
of the hyperbola 

JUL = - i (P F2 - P FO 

(see Fig. 10) 

X 

F I G . 1 0 — H Y P E R B O L A 

Hence, 

M = j [ V (x + c)2 + z> - V (x - cY + z> ] (119) 

Also from equation (109) we have, 

jx = c sech )3 

cosh 8 = -— 
M 

i8 = c o s h - 1 — (120) 
M 

Thus we can determine the potential at any point P in space 
under any desired conditions of c, /?], /30, Vi. 
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P O T E N T I A L D I S T R I B U T I O N O F T H E X - A X I S 

For tins case we have z = 0 in equation (119) and hence it 
reduces to 

JUL = c (121) 

Now under these conditions fx and x are identical in value for 
points along the x axis between the origin and the focus. We 
can, therefore, use equation (120) directly without reference to 
equation (119) or (121). 

Thus we can determine the values of ft and ft for any value 
of /x from equation (120) or rewriting it here 

/? = cosh - 1 - (122) 

F IG. 1 1 — C A L C U L A T E D POTENTIAL DISTRIBUTION A L O N G THE Z - A X I S 

If we select for the hyperboloid ft the limiting case that of the 
infinite plane with a hole in the centre ft = 0 for 

where 

8 = cosh - 1 — 

ix — c 

$ = ft = cosh- 1 1 = 0 

We may then write equation (118) as follows:— 

V (123) 
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The potential distribution for this case is shown in the curve, 
(see Fig. 11). From this curve we may find the proper spacing 
for the hyperbolas which when rotated about their z axis cut out 
the equipotential surfaces for unit differences of potential. All 
we have to do is to divide the potential into equal increments 
and note the corresponding value of JJL or x. In this manner 
we can construct a diagram similar to Fig. 12. In the case 
before us the potential has been divided into 51 equal increments. 

F I G . 12 

P O T E N T I A L G R A D I E N T A T A N Y P O I N T I N S P A C E 

The potential gradient is defined as the rate of change of 
potential in the direction of the greatest decrease in potential, 
that is, along the normal to the equipotential surface in the direc
tion of decreasing potential. The sign will depend upon whether 
our unit normal is taken in the direction of increasing or decreasing 
potential. For the former case the expression for the potential 
gradient will be positive and for the latter negative. By refer-
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ence to Figs. 7 and 8 and remembering that we have assumed 
the tank to be at zero potential it will be seen that we have 
selected the differential normal d n2 in the direction of decreasing 
potential and, therefore, our expression for the potential gradient 

will be — -^-^ . 
d n2 

We have seen that the potential at any point in space is 
given by equation (116) and is 

V = A ft + c 

Thus the potential gradient will be 

d V - A ± l (124) 
d n2 d n2 

where d n2 is the normal to the surface fx = /x0, (a constant), 
and in the direction of decreasing potential. 

In order to determine (3 we have the relation 

8 = seen-1 — c 

Hence, 

d(3 
d M fxVc2-iJL2 

Now we have seen from equation (48) that 

h 2 

Equation (67) gives us the value of - - ^ 
ri2 

_ L = X2 - M2 

(125) 

dn2 = ^ (126) 

J _ = \/hl^UL (127) 
h-2 c 2 - M2 K J 
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We may now substitute this value in equation (126) and we 
obtain 

dn2 = V 2 \2 d ja 

Thus, 

C2 — /UL2 * ** 1 2 8 ) 

<*M = \ / ^ l ^ 8 (129) 
a w2 K" ~ Li2 

Combining now equation (125) and (129) we have, 

d V A d (3 d fi 
d n2 d JUL d n2 

or. 

and 

dV AC \J c 2 - M2 

d n2 JJLV c 2 - /u2 X2 - M' 

d V = A C 
d n2 M V X2 -

(130) 

(131) 

(132) 

The value of the potential gradient at any point in space. 
The value of the constant A is that given in equation (117) 

and in order to determine the values of \x and X in rectangular 
co-ordinates we have the relations given by equations (109) and 
(111). It will here be observed that the potential gradient is 
independent y which is obvious from the symmetrical arrange
ment, that is, the potential gradient will be similar for any of 
the diametral planes y = constant. Thus, we may write 

x *= c sec a sech (3 ) 
(133) 

y = c tan a tanh /3 J 
also, 

X = c sec a ) 
(134) 

JUL = c sech j8 J 

These equations in combination with (132) enable us to calcu
late the potential gradient at any point in space in rectangular 
co-ordinates. (See Fig. 9.) 
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C U R V E S O F C O N S T A N T P O T E N T I A L G R A D I E N T 

The curves of constant potential gradient may now be ob
tained by putting 

- f £ = G - ±1— (135) 

Then 

Thus for any given condition the right hand side of equation 
(136) is a constant. If we now substitute the values of X and 
ix as given in equation (134) we may write 

or for purposes of calculation we may put for 

sech2 0 = 1 - tanh2 j8 
and we have 

MY 
sec <* = ± ^ (1 - tanh2 ft + ( 1 _ V ^ , ^ (137) 

where the values in terms of # and y are 

x = c sec a sech j3 ] 

y = c tan a tanh ]8 • J 

The curves of constant potential gradient as calculated from 
these equations are shown in Fig. 13. 

P O T E N T I A L G R A D I E N T A L O N G T H E X Axis 
The value of the potential gradient at any point along the 

x axis between the origin and the focus may be obtained from 
equation (132) as follows: 

From equation (111) we have 

z = c tan a tanh j8 
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Now when z = 0 

c tan a tanh /3 = 0 

and since c tanh /3 is not zero we have 

tan a = 0 
a = 0 

3 0 3 5 40 50 

F I G . 1 3 

Substituting this value of a in equation (134) 

X = c 

and further upon substituting this value of X in equation (132) 
we have 

dV Ac 
d n<2 V c2 - M2 

(138) 

The potential gradient along the x axis. 
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Another method of obtaining the same result is to observe 

that the potential gradient along the x axis is merely — ^ - j ^ 

since the hyperbolas cut the x axis normally. Thus as we have 
seen 

V = A p + C 

Differentiating with respect to JUL 

1 
o 

\ \ \ \ \ 
V 

7 
> / 

Also, 

dV = Ad_P 
d JUL d JUL 

|8 = sech- 1 

c 
Hence differentiating 

H = Ad-1 = -
d JUL d JUL 

Thus, 

d JUL 

A c 

- A c 
V ' c 2 - " 

(139) 

which is identical with equation 
(138) and is the potential gradient 
along the x axis between the origin 
and the focus. The potential 
gradient curve for this case is cal
culated and plotted in the curve 
Fig. 14. 

Testing this equation for the values JUL = 0 and JUL = c it will 
be observed that the potential gradient is infinite at the edge 
of the hole in the plane or focus and at the origin or along the 
z axis. A minimum value of the gradient will exist somewhere 
between these two limits. Its value will be found in the usual 

F I G . 1 4 — C A L C U L A T E D POTEN

TIAL GRADIENT BETWEEN R O D 

AND E D G E OF P L A N E 

manner as 
d_ (dV\ = 

M \d JUL) 

Thus differentiating equation (139) with respect to JUL and equa
ting the result to zero we have 
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d2 V _ Ac[(c2- M2) ~ M2] 
d /x2 M2 (&2 ~ M 2 ) 3 / 2 

i c [ ( c 2 - 2 j U 2 ) ] 

/JL2 (b2 - ju 2 ) 3 / 2 

Equating to zero and observing that A c is not zero we have 

c2 = 2 y2 

Thus the minimum value of the potential gradient occurs at 
this point which is about 71 per cent of the distance from the 
axis towards the edge of the hole in the infinite plane. 

The potential gradient curve enables us to determine the 
proper size of central electrode so as not to over stress the 
dielectric. Or by selecting the hyperboloid which we choose to 
represent our tank with hole we can select a central electrode 
which has the same value of the potential gradient or any other 
value which we may desire for other reasons. Knowing the 

puncture voltage of the apparatus, etc. 

S O L U T I O N F O R T H E T U B E S O F F L O W O R F L U X 

The flux or flow across any area may be defined as the surface 
integral of the normal component of the flux density, and as 
we have seen from equations (56) and (57) this in turn is equal 
to the normal component of the potential gradient. 

c (140) 
V z 

characteristics of our dielectric used we can determine the 

Thus, 

(141) 
or 

s 
We have from equation (132) 

d V A c 
d n2 
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Ai A 2 - e2 

M2 

_ L = AM _ 
~ c (i + V2) 

Substituting these values in (142) we get 

and combining in equation (141) and simplifying we get 

d V , A A . . . 
j d 62 = , - - — a A d v d tli V \ 2 _ C 2 ( ] + „ 2 ) 

= r dy r \ d \ 

Integrating the first part between the limits v — 0 and v — 
we have, 

tan-^ + X = - tan"1 v0 

Jv=0 

and since vQ may have any value we can neglect it as far as the 
spacing of the surfaces of now are concerned. Integrating the 
second part between the limits X = X 0 and X = Xi we have 

Jx=x t 

V X 2 - c2 L Jx-xo 
X = x 0 

We also have for the values oidni and d n% or d S2, equation (51) 

d S2 = d tii d nz = f V (142) 
Ai # 3 

and from equations (65) and (69) we have 
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That is we have 

d V s - d S2 = A ( V Xo2 - c2 - V X, - c2) d n2 

(143) 
If we now remember that from equation (109) 

X = c sec a 

we may write JJ d So = A C ( V sec2 a0 — 1 — \ vsec2 a} — 1) 
n2 

(144) 
Also, sec2 a — 1 = tan2 a 

Substituting we get 

d Si = A (c tan a 0 — c tan a i ) (145) 

Si 

But it will be observed from Fig. 9 that c tan a is the minor 
axis of an oblate spheroid, and, therefore, for equal tubes of 
flow the surfaces will have any constant spacing on the minor 
axis of the spheroid. (See Figs. 12 and 13.) 

In the above work we have obtained the solution of the electro
static problem in which any two confocal hyperboloids of revo
lution of one sheet and of the same family are maintained at 
definite potentials. The solution of this problem should be of 
interest to engineers as it furnishes us with a solution which 
may be applied as an approximation to many engineering prob
lems. For example, it is a useful guide in studying the high-
voltage bushing problem; it also gives us an interesting variety 
of possible electrode shapes for use in testing insulating materials, 
where it is very desirable to be able to calculate the gradients, 
etc., etc. 

Another problem which should also be of considerable in
terest to engineers is the case when any two confocal hyper
boloids of revolution of two sheets and of the same family are 
maintained at definite potentials. The solution of this problem 
may be applied as an approximation to another group of prob-
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lems which are of frequent occurrence in engineering. For 
example, it may be applied to switch electrodes at various 
spacings; also as an approximation in vacuum-tube designs, 
such as X-ray tubes, kenotrons, etc. That is, it is an approxi
mation to the group of problems of two elongated electrodes at 
various spacings, or such as an electrode and a plane (i.e., two 
needle points or a needle and a plane). 

The solution for this case is obtained in exactly the same 
manner as that described above except that in this case we 
select as our standard ellipsoid the prolate spheroid and express 
Laplace's equation in normal prolate spheroidal co-ordinates. 

Two other problems namely, the distribution of the electro
static field about the charged oblate or prolate spheroids are 
obtained in exactly the same manner. 

F I G . 1 5 — I N T E R S E C T I O N OF PROLATE SPHEROID , CONFOCAL^HYPERBOLOID 

OF T w o SHEETS AND A P L A N E THROUGH THE A X I S OF ROTATION 

In this case we take for our standard ellipsoid the prolate 
spheroid, the axis of rotation is then the major axis and our 
plane must contain that axis. Taking the x axis as axis of 
rotation and the XY plane as plane of reference we have for 
the equation of our three orthogonal surfaces the following. 
(See Fig. 15). 

X 

N O R M A L P R O L A T E S P H E R O I D A L C O - O R D I N A T E S 3 9 

X 2 - b2 0 

(146) 

+ 2 - b2 + I2 _ 0 

z — v y = 0 
3 9 . See Byerly Fourier's Series and Spherical Harmonics, page 2 4 3 , 

from which this discussion has been taken. 

X2 

7? 7? 
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where X2 > b2 > JJL2 

Here, b, is the semi-major axis of the prolate spheroid. 
Solving the three equations simultaneously for the values of 
x,-y, z as functions of X, fx and v as we did in the oblate spher
oidal problem, and then differentiating these partially with 
respect to X, fx and v we will have functional equations as before, 
namely; 

^ = / s (X, /x, v) 

and similar relations for x, y, z with respect to fx and 
We also have as before 

2 2 i 

"feT2 = ( d \ ) + (bt) + ( d \ ) 
A22 M/ \d A*/ \t> A*/ 

and obtain the following values 

h,2 = 
X2 

X2 

- b2 

- M2 

h2

2 = 
b2 

X2 

- M2 

- M2 

&2 ( l + v)2 

(Xs '- b2) (b2 -

(147) 
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From this we have 

d Hi 

d «3 

X2 

X 2 - b2 d X 

dji = ^ / X 2 - H*d 

h2 b2 — JX2 

d_j> A / ( X 2 - b2) ( b 2 - n2) 

h3

 V b2 (1 + J'2)2 

(148) 

and Laplace's equation in terms of our spheroidal co-ordinates 
X, Li and v becomes. 

1 
b2 (1 + v2) d X 

[ ( X 2 - b2) * H + 
1 

& X J ' 62 (1 + v2) d ju 

X2 - /x2 5 
( X 2 - &2) ( & 2 - M2) & v 

[ d + v2) = 0 (149) 

and reduces in exactly the same manner as the oblate spheroid 
problem to 

1 d2 V 1 d2 V X 2 - n2 d2 V = . 
X2-b2d a2 b2 — /j,2 d / 3 2 + (X2 - b2) (b2 - ju2) d 7 2 

(150) 

Where 

d a = - x , ^ ^ X | 

d j8 = (151) 
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a = coth- 1 

or, 

0 = 

y = 

x 

tanh"1 4r 
o 

tan - 1 v 

b coth a 

tanh j3 

tan 7 

(152) 

(153) 

Substituting these values in equation (150) we obtain Laplace's 
equation in the form 

d2 V b2 V b2 V 
sinh2 a ^ — 9 + cosh2 f3 ~ » + (sinh2 a + cosh2 /3) ^—-9 = 0 

o a 2 o p 2 o 7 2 

(154) 

In using this equation it is to be noted that the point (a, (3, y) 
is the point of intersection of a prolate spheroid whose semi-
axes are 

b coth a major ) 
(155) 

b coch a minor j 

a biparted hyperboloid of revolution whose semi-axes are 

b tanh f3 transverse axis 1 

b sech j8 conjugate axis J 

and a plane containing the axis of revolution and making the 
angle y with a fixed plane. If the fixed plane of reference is 
that of X Y the rectangular co-ordinates of any point in space 
(a, ]8, 7 ) are 

x = b coth a tanh (3 

y = b csch a sech /? cos 7 

z = b csch a sech /3 sin 7 

(156) 
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and a may range from + oo to 0, (3 from — oo to + o o , and y 
from 0 to 2 7T. Negative values of /? are to be taken for points 
lying to the left of a plane through the origin perpendicular to 
the axis of revolution; in this case, to the left of the YZ plane. 
(See Fig. 16). 

P O T E N T I A L A T A N Y P O I N T I N S P A C E 

If we are given the potentials of any two confocal hyperboloids 
of two sheets, that is, for any two values of /? we can obtain 
the potential at any point in space between them. For in that 
case we have seen exactly as in the oblate spheroid problem that 
V is a function of f3 only, hence in Laplace's equation 

d 2 V n A d2 V 
^ — , = 0 and ^-— 9 o a2 by2 0 

Y 

\ ( ' " \ • 
\ \ . -Q 

X 

J ^ b c o t h o 

/ 

\ b t a n h B 

F I G . 1 6 — C O N F O C A L ELIPSE AND HYPERBOLA 

Since cosh2 /? is not equal to zero for all values of /? Laplace's 
equation reduces in our case to 

d 2 V 
d p2 0 (157) 

The solution of which is seen to be 

V = A L3 + C (158) 

The constants A and C will be determined from the boundary 
conditions of the problem as before. 
Assuming the case 

V = 0 when (3 = 0 

V = Vx w h e n / ? , 
(159) 
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J8. 

Thus we may write our solution under these boundary conditions 
simply as 

V = A (5 (160) 

or since = tanh - 1 - ~ 

50 

z 

20 

! 
h — 

i 
i 

! 

L/i | — ± L/i | 
' ! 1 

j [_ 
1 

j [_ 
1 

i 
| 

0 10 20 30 40 50 60 70 80 90 V'2 

F I G . 1 7 — C A L C U L A T I O N OF POTENTIAL DISTRIBUTION ALONG THE Z - A X I S 

we may write it in terms of fi and b as follows. 

V = 
tanh" 

— tanh"1 -4- (161) 

This equation enables us to calculate, the potential at any point 
along the# axis between the foci and has. been plotted in Fig. 
17 attached. 

A diagram of the field has been constructed in the same manner 
as described above for the oblate problem. (See Fig. 18). 

Substituting these values in equation (158) we get 

C =• 0 
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P O T E N T I A L G R A D I E N T A T A N Y P O I N T I N S P A C E 

The potential gradient will be 

d n2 d n2 

(162) 

where d n2 is the elementary normal to the surface of the hyper-

d V 
boloid (say for /JL = JJLQ) under consideration. The sign -

d n2 

V=0V = 1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 

which expresses the potential gradient is here taken as positive 
that is, d n2 is assumed to be in the direction of increasing 
potential. 

In order to determine ]3 we have the relation 

Hence, 

tanh~l ~ 
b 

TI - wh (163) 

0 = 

FIG. 1 8 
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We also have 
d fx 

d n>2 = —r-
h-2 

and 

/ a A 2 ~ M2

 A dn2 = V b 2 _ ^2 d fx 

djx_ = A/̂ 2̂ U64) 
d n2 X2 — jx2 

Thus for the gradient we have from equations (163) and (164) 

= A <L§ AJL = A

 B \ / Z Z Z 
d n2 d fx dn2 b2 — \x2 X2 — jx2 

Simplifying 
d V Ab 

d n2 V (b2- jx2) (X2- /x2) 
(165) 

which is the potential gradient at any point in space. It is 
observed that the potential gradient is independent of y as is 
obvious from the symmetry of the problem. We may, therefore, 
express the potential gradient at any point in space in rectangu
lar co-ordinates with trie help of the following relations (See 
Fig. 16). 

X = b coth a ) 

and 
fx = b tanh L3 J 

x = b coth a tanh /3 ) 

y = b csch a sech (3 J 

C U R V E S O F C O N S T A N T P O T E N T I A L G R A D I E N T 

The curves of constant potential gradient may now be ob
tained by putting equation equal to the various constant values 
desired. 
Thus, 

d V Ab 

d n2 V(b2- M2) ( X 2 - M2) 

A b V(b2- M2) ( X 2 - M2) = ^ (166) 
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Thus for any given condition and value of potential gradient 
G the right hand member of this equation is a constant. 

If we now substitute the values of X and JJL we may write it 
for the purpose of calculation. 

coth a tanh2 ]8 + 
sech2/3 

9 10 11 12 13 14 15 16 17 18 19 20 21 

or if tables of sech2 /? are not available we can write it 

coth a = ± tanh2 j8 + 
1-tanh 2/? (167) 

The values of x and y are 

x = b coth a tanh (3 

y = b csch a sech 0 

The curves of constant potential gradient as calculated from 
these equations are shown in Fig, 19. 

F I G . 19 
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P O T E N T I A L G R A D I E N T A L O N G - T H E X Axis 
The value of the potential gradient at any point along the 

x axis between the origin and the foci may be found directly 
d V 

from the general equation (165) or independently as 

It is the value obtained when y = 0 

y = 0 = b coch a sech a 

and since b sech j3 is not zero we have 

csch a = 0 

1 

d JJL' 

sinh a = 0 

a = oo 

Substituting this value in the equation 

U X = 6 coth a 

we have 

and 

coth co = I 

X = b 

i 

— - - — 
-

— - - 1 — 
---

— 
i 

— 
i 

— 
— 1—1 " ! 

r 

— 
" f \ r 

— 

i i 

— 

— / — / — — / — — 

— — 

Hence substituting X - b in our F I G . 20—CALCULATED P O -

equation (165) for the potential TENTIAL G R A D I E N T ALONG 

gradient we get 

d V 
d n2 

A b 

THE Z - A X I S 

A b (168) 
V (ft* - i#) (b2 - jx2) b2 - jx2 

for the value of the potential gradient along the x axis between 
the foci. The curve is shown in Fig. 20. 

S O L U T I O N F O R T H E T U B E S O F F L O W O F F L U X 

The total flux across any area may be defined as the surface 
integral of the normal component of the flux density; in the 
case of air dielectric, flux density and gradient are equivalent. 
We may, therefore, write it 

n2 

d S2 
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d V A b 
n* V (b2- ki2) ( X 2 - JJL2) 

A2 - b2 d X 

Substituting these values and simplifying we get 

As far as the spacing of the surfaces of flow is concerned we may 
neglect the integration with respect to v by reason of the sym
metry of the tubes of flow about the axis of rotation. 
We thus have, 

dS2 = A (Xo - Xi) 

But we have seen that 

X = b coth a 

also that b coth a is the major semi-axis of the prolate spheroids. 
Therefore, equal tubes of flux will be obtained by taking equal 
spaces along the major axis of the spheroids. (See Figs. 18 
and 19). 

we have seen that 


